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Resumen
SeaX unespacio m´etricogeod´esicoyx1,x2,x3∈X. Untri´angulogeod´esicoT=
{x1,x2,x3}eslauni´ondetresgeod´esicas[x1x2],[x2x3]y[x3x1]deX. ElespacioX es
δ-hiperb´olico(enelsentidodeGromov)sitodoladodeTest´acontenidoenlaδ-vecindadde
launi´ondelosotrosdoslados,paratodotri´angulogeod´esicoTdeX.Sedenotaporδ(X)la
constantedehiperbolicidad´optimadeX,esdecir,δ(X):=inf{δ≥0:X esδ-hiperb´olico}.
Elestudiodelosgrafoshiperb´olicosesuntemainteresantedadoquelahiperbolicidaddeun
espaciom´etricogeod´esicoesequivalentealahiperbolicidaddeungrafom´assenciloasociado
alespacio.
Unodelosprincipalesobjetivosdeestatesisdedoctoradoesobtenerinformaci´oncuan-
titativaacercadelaconstantedehiperbolicidaddevariosproductosdegrafos. Estasde-
sigualdadespermitenobtenerunresultadocualitativoimportante:lacaracterizaci´ondela
hiperbolicidaddevariosproductosdegrafosent´erminosdelahiperbolicidaddesuscompo-
nentes.
EnestetrabajocaracterizamoslosproductosfuertesdegrafosG1⊠G2hiperb´olicos,en
t´erminosdeG1yG2:elproductofuerteG1⊠G2eshiperb´olicosiys´olosiunodelosfactores
eshiperb´olicoyelotroest´aacotado.Tambi´enprobamosalgunasrelacioneso´ptimasentre
δ(G1⊠G2),δ(G1),δ(G2)ylosdi´ametrosdeG1yG2(yencontramosfamiliasdegrafos
paraloscualessealcanzanlasdesigualdades).Obtenemoselvalorexactodelaconstantede
hiperbolicidadparavariosproductosfuertesdegrafos.
Tambi´encaracterizamoslosproductoslexicogr´aﬁcosdegrafosG1◦G2hiperb´olicos,en
t´erminosdeG1yG2:elproductolexicogr´aﬁcoG1◦G2eshiperb´olicosiys´olosiG1es
hiperb´olico,a menosqueG1seaungrafotrivial;siG1estrivial,entoncesG1◦G2es
hiperb´olicosiys´olosiG2eshiperb´olico.Enparticular,obtenemoslasdesigualdadesδ(G1)≤
δ(G1◦G2)≤δ(G1)+3/2siG1esungrafonotrivial,yencontramosfamiliasdegrafospara
lascualessealcanzanestasdesigualdades.
Adem´as,caracterizamoslassumascartesianasdegrafosG1⊕G2hiperb´olicas:G1⊕G2
essiemprehiperb´olica,amenosqueG1 o´G2seaelgrafotrivial,yenesteu´ltimocaso
G1⊕G2eshiperb´olicasiys´olosiG2 o´G1eshiperb´olico,respectivamente. Obtenemos
lasdesigualdadeso´ptimas1≤δ(G1⊕G2)≤3/2paratodoslosgrafosG1,G2notriviales.
Adem´as,caracterizamoslassumascartesianasdegrafosconδ(G1⊕G2)=1,conδ(G1⊕G2)=
5/4yconδ(G1⊕G2)=3/2. Tambi´enencontramoselvalorexactodelaconstantede
hiperbolicidadparalassumascartesianasdediversasfamiliasdegrafos.
Finalmente,probamosquesielproductodirectodegrafosG1×G2eshiperb´olico,entonces
unodelosfactoreseshiperb´olicoyelotrofactorest´aacotado.Tambi´enprobamosqueesta
condici´onnecesariaparalahiperbolicidades,dehecho,unacaracterizaci´onenmuchoscasos.
Enotroscasos,encontramoscaracterizacionesquenosontansimples.Adem´as,obtenemos
buenascotasparalaconstantedehiperbolicidaddelproductodirectodevariasclasesde
grafosimportantes.
Review
IfXisageodesicmetricspaceandx1,x2,x3∈X,ageodesictriangleT={x1,x2,x3}
istheunionofthethreegeodesics[x1x2],[x2x3]and[x3x1]inX.ThespaceXisδ-hyperbolic
(intheGromovsense)ifanysideofTiscontainedintheδ-neighborhoodoftheunion
ofthetwoothersides,foreverygeodesictriangleTinX. Wedenotebyδ(X)thesharp
hyperbolicityconstantofX,i.e.,δ(X):=inf{δ≥0:X isδ-hyperbolic}. Thestudyof
hyperbolicgraphsisaninterestingtopicsincethehyperbolicityofageodesicmetricspace
isequivalenttothehyperbolicityofagraphrelatedtoit.
OneofthemainaimsofthisPhDThesisistoobtainquantitativeinformationaboutthe
hyperbolicityconstantofseveralproductsofgraphs.Theseinequalitiesalowtoobtainother
mainresults,whichcharacterizeinaqualitativewaythehyperbolicityofseveralproducts
ofgraphsintermsofthehyperbolicityoftheircomponents.
InthisworkwecharacterizethestrongproductoftwographsG1⊠G2whicharehyper-
bolic,intermsofG1andG2:thestrongproductgraphG1⊠G2ishyperbolicifandonly
ifoneofthefactorsishyperbolicandtheotheroneisbounded. Wealsoprovesomesharp
relationsbetweenδ(G1⊠G2),δ(G1),δ(G2)andthediametersofG1andG2(andweﬁnd
familiesofgraphsforwhichtheinequalitiesareattained).Furthermore,weobtaintheexact
valuesofthehyperbolicityconstantformanystrongproductgraphs.
Furthermore,wecharacterizethelexicographicproductoftwographsG1◦G2whichare
hyperbolic,intermsofG1andG2:thelexicographicproductgraphG1◦G2ishyperbolicif
andonlyifG1ishyperbolic,unlessifG1isatrivialgraph;ifG1istrivial,thenG1◦G2is
hyperbolicifandonlyifG2ishyperbolic.Inparticular,weobtainthatδ(G1)≤δ(G1◦G2)≤
δ(G1)+3/2ifG1isnotatrivialgraph,andweﬁndfamiliesofgraphsforwhichtheinequalities
areattained.
Besides,wecharacterizethehyperbolicproductgraphsfortheCartesiansumG1⊕G2:
G1⊕G2isalwayshyperbolic,unlesseitherG1orG2isthetrivialgraph;ifG1orG2isthe
trivialgraph,thenG1⊕G2ishyperbolicifandonlyifG2orG1ishyperbolic,respectively. We
alsoobtainthesharpinequalities1≤δ(G1⊕G2)≤3/2foreverynon-trivialgraphsG1,G2.
Besides,wecharacterizetheCartesiansumswithδ(G1⊕G2)=1,withδ(G1⊕G2)=5/4
andwithδ(G1⊕G2)=3/2.Furthermore,weobtaintheprecisevalueofthehyperbolicity
constantoftheCartesiansumofmanygraphs.
Finaly,weprovethatifthedirectproductG1×G2ishyperbolic,thenonefactoris
hyperbolicandtheotheroneisbounded.Also,weprovethatthisnecessaryconditionis,in
fact,acharacterizationinmanycases.Inothercases,weﬁndcharacterizationswhichare
notsosimple.Furthermore,weobtaingoodboundsforthehyperbolicityconstantofthe
directproductofsomeimportantgraphs.
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Introduction
Hyperbolicspacesplayanimportantroleingeometricgrouptheoryandingeometryof
negativelycurvedspaces(see,e.g.,[4,51,54]).TheconceptofGromovhyperbolicitygrasps
theessenceofnegativelycurvedspacesliketheclassicalhyperbolicspace,simplyconnected
Riemannianmanifoldsofnegativesectionalcurvature,andofdiscretespacesliketreesand
theCayleygraphsofmanyﬁnitelygeneratedgroups.Itisremarkablethatasimpleconcept
leadstosucharichgeneraltheory(see[4,51,54]).
In[116]itwasprovedtheequivalenceofthehyperbolicityofmanynegativelycurved
surfacesandthehyperbolicityofagraphrelatedtoit;hence,itisusefultoknowhyperbolicity
criteriaforgraphsfromageometricalviewpoint. Therefore,thestudyofmathematical
propertiesofGromovhyperbolicspacesanditsapplicationsisatopicofrecentandincreasing
interestingraphtheory;see,forinstance[2,3,11,12,13,19,29,34,48,68,69,70,71,72,
75,84,85,92,93,94,95,103,104,105,116,117,119].
ThetheoryofGromovspaceswasusedinitialyforthestudyofﬁnitelygeneratedgroups
(see[54,55]andthereferencestherein),whereitwasdemonstratedtohaveapractical
importance.Thistheorywasappliedprincipalytothestudyofautomaticgroups(see[90]),
whichplayanimportantroleinthescienceofcomputation.Theconceptofhyperbolicity
appearsalsoindiscretemathematics,algorithmsandnetworking.Forexample,ithasbeen
shownempiricalyin[113]thattheinternettopologyembedswithbetteraccuracyinto
ahyperbolicspacethanintoanEuclideanspaceofcomparabledimension(formalproofs
thatthedistortionisrelatedtothehyperbolicitycanbefoundin[117]);furthermore,it
isevidencedthatmanyrealnetworksarehyperbolic(see,e.g.,[2,3,42,78,86]). Afew
algorithmicproblemsinhyperbolicspacesandhyperbolicgraphshavebeenconsideredin
recentpapers(see[39,46,50,77]). Anotherimportantapplicationofthesespacesisthe
studyofthespreadofvirusesthroughtheinternet(see[68,70]).Furthermore,hyperbolic
spacesareusefulinsecuretransmissionofinformationonthenetwork(see[68,70]);alsoto
traﬃcﬂowandeﬀectiveresistanceofnetworks[38,53,82].Thehyperbolicityhasalsobeen
usedextensivelyinthecontextofrandomgraphs(see,e.g.,[109,110,111]).
Inrecentyearsseveralresearchershavebeeninterestedinshowingthatmetricsused
ingeometricfunctiontheoryareGromovhyperbolic.Forinstance,theGehring-Osgoodj-
metricisGromovhyperbolic;andtheVuorinenj-metricisnotGromovhyperbolicexceptin
thepuncturedspace(see[59]).ThestudyofGromovhyperbolicityofthequasihyperbolic
andthePoincar´emetricsisthesubjectof[7,16,60,61,95,96,97,104,105].Inparticular,in
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6[95,104,105,116]itisprovedtheequivalenceofthehyperbolicityofmanynegativelycurved
surfacesandthehyperbolicityofasimplegraph;hence,itisusefultoknowhyperbolicity
criteriaforgraphs.
Foraﬁnitegraphwithnverticesitispossibletocomputeδ(G)intimeO(n3.69)[47](this
isimprovedin[42,44]).GivenaCayleygraph(ofapresentationwithsolvablewordproblem)
thereisanalgorithmwhichalowstodecideifitishyperbolic[91].However,decidingwhether
ornotageneralinﬁnitegraphishyperbolicisusualyverydiﬃcult.Therefore,threemain
problemsonthestudyofhyperbolicgraphsarethefolowing:
I.Tocharacterizethehyperbolicityforimportantclassesofgraphs.
II.Toobtaininequalitiesrelatingthehyperbolicityconstantandotherparametersofgraphs.
III.Tostudytheinvarianceofthehyperbolicityofgraphsunderappropriatetransforma-
tions.
Manyresearcheshavestudiedthehyperbolicityofseveralclassesofgraphs:chordal
graphs[9,19,83,119], mediangraphs[114],linegraphs[33,34,41],cubicgraphs[92],
complementgraphs[12],regulargraphs[63],planargraphs[30,94],periodicgraphs[22,23],
shortgraphs[99],minorgraphs[31], Mycielskiangraphs[52],geometricgraphs[41,101],
circulantgraphs[62,100],vertex-symmetricgraphs[21],bipartiteandintersectiongraphs
[43],bridgedgraphs[75],expanders[82],graphswithsmalhyperbolicityconstant[10]and
someproductsofgraphs:Cartesianproduct[84],coronaandjoinproduct[32].
Manybranchesofmathematicsemployssomenotionofaproductthatenablesthecom-
binationordecompositionofitselementalstructures.Ingraphtheoryappearseveralkinds
ofproducts,eachwithitsownsetofapplicationsandtheoreticalinterpretations.Thestruc-
tureandapplicabilityoftheseproductsarefulofsurprises.Forexample,largenetworks
suchastheInternetgraph,withseveralhundredmilionhosts,canbeeﬃcientlymodeled
bysubgraphsofpowersofsmalgraphswithrespecttothedirectproduct(see[81]).Thisis
oneofmanyexamplesofthedichotomybetweenthestructureofproductsandthatoftheir
subgraphs.
Productofgraphsoccurnaturalyindiscretemathematicsastoolsincombinatorial
constructions.Theygiverisetoimportantclassesofgraphsanddeepstructuralproblems.
Theextensiveliteratureonproductsthathasevolvedovertheyearspresentsawealthof
profoundandbeautifulresults.Inthebeginningtheemphasiswasonthestructureofﬁnite
andinﬁniteproducts,butlateritshiftedtorecognitionalgorithmsforclassesofisometric
subgraphsofproductofgraphs.
Productsareoftenviewedasaconvenientlanguagewithwhichtodescribestructures,
buttheyareincreasinglybeingappliedinmoresubstantialways.Computerscienceisone
ofthemanyﬁeldsinwhichgraphproductsarebecomingcommonplace. Asonespeciﬁc
example,wementionloadbalancingformassivelyparalelcomputerarchitectures.
7Themostusualoperationsingraphtheoryaretheunitaryandbinary.Theseoperations
producenewgraphsfromoneorseveralgraphs.Theunitaryoperationscreateanewgraph
fromtheoriginalgraph.Someexamplesofunitaryoperationsare:addingordeletinga
vertexoranedge,thecontractionofanedge,linegraph,graphcomplementorMycielskian
graph. ThebinaryoperationscreateanewgraphfromtwoinitialgraphsG1andG2;the
mainexamplesofbinaryoperationsaretheseveralkindsofproductsofgraphs.
Thediﬀerentkindsofproductsofgraphsareanimportantresearchtopic.Somelarge
graphsarecomposedfromsomeexistingsmaleronesbyusingseveralproductsofgraphs,and
manypropertiesofsuchlargegraphsarestronglyassociatedwiththatofthecorresponding
smalerones.Underreasonableandnaturalrestrictionssuchasassociativity,thenumberof
diﬀerentproductsisactualyquitelimited.
TheproductoftwographsG1andG2isanothergraphwhosevertexsetistheCartesian
productV(G1)×V(G2)ofsets.However,eachproducthasdiﬀerentrulesforadjacencies.
Inthiswork,westudy:
1.ThehyperbolicityoftheStrongproduct,Lexicographicproduct,Cartesiansumand
Directproductgraphs(ProblemI).Theyarethemoreinterestingproductgraphsin
ordertostudyhyperbolicity,since[84]and[32]dealwithCartesian,coronaandjoin
products.
2.Inequalitiesinvolvingthehyperbolicityconstantsoftheproductgraphsandthehy-
perbolicityconstantsoftheircomponents(ProblemsIIandIII).
ThestrongproductG1⊠G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothat
twodistinctvertices(u1,v1)and(u2,v2)ofG1⊠G2areadjacentifeitheru1=u2and
[v1,v2]∈E(G2),or[u1,u2]∈E(G1)andv1=v2,or[u1,u2]∈E(G1)and[v1,v2]∈E(G2).
ThelexicographicproductG1◦G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothat
twodistinctvertices(u1,v1)and(u2,v2)ofG1◦G2areadjacentifeither[u1,u2]∈E(G1),
oru1=u2and[v1,v2]∈E(G2).
TheCartesiansumG1⊕G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothattwo
distinctvertices(u1,v1)and(u2,v2)ofG1⊕G2areadjacentifeither[u1,u2]∈E(G1)or
[v1,v2]∈E(G2).
Finaly,thedirectproductG1×G2ofG1andG2hasV(G1)×V(G2)asvertexset,so
thattwodistinctvertices(u1,v1)and(u2,v2)ofG1×G2areadjacentif[u1,u2]∈E(G1)and
[v1,v2]∈E(G2).
TheoutlineofthisPhDThesisisasfolows.
InChapter1wegiveabriefintroductiontohyperbolicspacesandweshowsomeprevious
resultswhichwilbeuseful.
InChapter2westudyseveralinequalitiesinvolvingthedistanceinthestrongproduct
ofgraphsandweobtaintheexactvalueofitsdiameter. Furthermore,wealsostudythe
8relationsbetweenthegeodesicsofG1⊠G2andgeodesicsinG1andG2;itisnotatrivial
issueasExample2.1.7wilshow.
Besides,weproveseverallowerandupperboundsforthehyperbolicityconstantofG1⊠
G2,involvingδ(G1),δ(G2)andthediametersofG1andG2.Oneofthemainresultsofthis
workisTheorem2.2.11,whichcharacterizesthehyperbolicstrongproductgraphsG1⊠G2
intermsofG1andG2:thegraphG1⊠G2ishyperbolicifandonlyifoneofitsfactorsis
hyperbolicandtheotheroneisbounded. Wealsoﬁndfamiliesofgraphsforwhichmanyof
theinequalitiesofthissectionareattained.AnothermainresultinthisChapterisTheorem
2.2.7whichprovidestheprecisevalueofδ(G1⊠G2)foralargeclassofgraphsG1,G2;we
alsoobtaintheexactvaluesofthehyperbolicityconstantformanystrongproductgraphs;
thiskindofresultisnotusualatalinthetheoryofhyperbolicgraphs.
InChapter3wecharacterizethehyperboliclexicographicproductoftwographsG1◦G2,
intermsofG1andG2:ifG1hasatleasttwovertices,thenG1◦G2ishyperbolicifand
onlyifG1ishyperbolic;besides,ifG1hasasinglevertex,thenG1◦G2ishyperbolicifand
onlyifG2ishyperbolic(seeTheorem3.2.14andRemark3.2.15). Wealsoprovethesharp
inequalitiesδ(G1)≤δ(G1◦G2)≤δ(G1)+3/2ifG1isnotatrivialgraph(thegraphwitha
singlevertex),seeTheorems3.2.1and3.2.10;Example4.2.3providesafamilyofgraphsfor
whichtheﬁrstinequalityisattained;besides,Theorems3.2.16and3.2.20characterizethe
graphsforwhichthesecondinequalityisattained.
Furthermore,weobtaintheprecisevalueofthehyperbolicityconstantformanylexico-
graphicproducts(seeExamples3.2.2,4.2.3andTheorem3.2.21).Inparticular,Theorem
3.2.21alowstocompute,inasimpleway,thehyperbolicityconstantofthelexicographic
productofanytreeandanygraph.
InChapter4wecharacterizethehyperbolicCartesiansumgraphsG1⊕G2(seeTheorem
4.2.2):G1⊕G2isalwayshyperbolicunlesseitherG1orG2isthetrivialgraph;ifG1or
G2isthetrivialgraph,thenG1⊕G2ishyperbolicifandonlyifG2orG1ishyperbolic,
respectively. Besides,wecharacterizetheCartesiansumswithδ(G1⊕G2)=1andwith
δ(G1⊕G2)=3/2(seeTheorems4.2.6and4.2.20,respectively). Also,wehaveproved
manyinequalitiesinvolvingδ(G1⊕G2),asLemma4.2.9andCorolaries4.2.10and4.2.12.
Furthermore,weobtainsimpleformulaeforthehyperbolicityconstantofmanyCartesian
sumgraphs(seeExamples4.2.4,4.2.3and4.2.5,Theorems4.2.7,4.2.13,4.2.14,4.2.17and
4.2.19andCorolaries4.2.11and4.2.15). Wewanttoremarkthatitisnotusualatalto
obtainexplicitformulaeforthehyperbolicityconstantoflargeclassesofgraphs.Finaly,
Theorem4.3.4providespreciseboundsforthehyperbolicityconstantofthecomplement
graphofmanyCartesiansums:32≤δ(G1⊕G2)≤2.
InChapter5wecharacterizeinmanycasesthehyperbolicdirectproductofgraphs.Here
thesituationismorecomplexthanwiththeCartesianorthestrongproduct,whichisin
partduetothefactsthatthedirectproductoftwobipartitegraphsisalreadydisconnected
andthattheformulaforthedistanceinG1×G2ismorecomplicatedthatinthecase
ofotherproductsofgraphs. Theorem5.1.19provesthatifG1×G2ishyperbolic,then
9onefactorishyperbolicandtheotheroneisbounded. Also,weprovethatthisnecessary
conditionis,infact,acharacterizationinmanycases.IfG1isahyperbolicgraphandG2
isaboundedgraph,thenweprovethatG1×G2ishyperbolicwhenG2hassomeoddcycle
(Theorem5.1.9)orG1andG2donothaveoddcycles(Theorem5.1.10). Otherwise,the
characterizationisamorediﬃculttask;ifG1hassomeoddcycleandG2donothaveodd
cycles,Theorems5.1.20and5.1.22providesuﬃcientconditionsfornon-hyperbolicityand
hyperbolicity,respectively;besides,Theorems5.1.31andCorolary5.1.32characterizethe
hyperbolicityofG1×G2undersomeadditionalconditions.Furthermore,weobtaingood
boundsforthehyperbolicityconstantofthedirectproductofsomeimportantgraphs.
Theresultsinthisworkappearin[24,25,27,28];thesepapershavebeenpublished
orsubmittedtointernationalmathematicaljournalswhichappearintheJournalCitation
Reports.
Besides,theseresultswerepresentedinthefolowinginternationalandnationalconfer-
ences:
•IXEncuentroAndaluzdeMatem´aticaDiscreta,inOctober2015,atUniversidadde
Almer´ıa,Spain.
•IXWorkshopofYoungResearchersinMathematics,inSeptember2015,atUniversidad
ComplutensedeMadrid,Spain.
•IIICongresodeJ´ovenesInvestigadoresdelaRealSociedadMatem´aticaEspa˜nola,in
September2015,atUniversidaddeMurcia,Spain.
•VIII WorkshopofYoungResearchersinMathematics,September2014,Universidad
ComplutensedeMadrid,Spain.
•IXJornadasdeMatem´aticaDiscretayAlgor´ıtmica,inJuly2014,atUniversidadde
Tarragona,Spain.
•VIIIEncuentroAndaluzdeMatem´aticaDiscreta,inOctober2013,atUniversidadde
Sevila,Spain.
•VII WorkshopofYoungResearchersinMathematics,inSeptember2013,atUniversi-
dadComplutensedeMadrid,Spain.
TheworkpresentedinIXJornadasdeMatem´aticaDiscretayAlgor´ıtmicaappearsin
theProceedingsoftheConference,publishedinagoodinternationalmathematicaljournal
(see[26]).
OneoftheseresultswaspresentedintheGAMA1Seminar,inMarch2016,atUniversidad
CarlosIIIdeMadrid,Spain.
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Chapter1
Hyperbolicspaces
Let(X,d)beametricspaceandletγ:[a,b]−→Xbeacontinuousfunction. Wesaythat
γisageodesicifL(γ|[t,s])=d(γ(t),γ(s))=|t−s|foreverys,t∈[a,b],whereLdenotesthe
lengthofacurve. WesaythatXisageodesicmetricspaceifforeveryx,y∈Xthereexists
ageodesicjoiningxandy;wedenoteby[xy]anyofsuchgeodesics(sincewedonotrequire
uniquenessofgeodesics,thisnotationisambiguous,butitisconvenient).Itisclearthat
everygeodesicmetricspaceispath-connected.IfthemetricspaceXisagraph,weusethe
notation[u,v]fortheedgejoiningtheverticesuandv.
InordertoconsideragraphGasageodesicmetricspace,wemustidentifyanyedge
[u,v]∈E(G)withtheinterval[0,1];therefore,anypointintheinteriorofanyedgeisapoint
ofGand,ifweconsidertheedge[u,v]asagraphwithjustoneedge,thenitisisometric
to[0,1].AconnectedgraphGisnaturalyequippedwithadistancedeﬁnedonitspoints,
inducedbytakingshortestpathsinG.Then,weseeGasametricgraph.
Throughoutthisworkwejustconsidernon-orientedconnectedsimple(withoutloopsand
multipleedges)graphswithedgesoflength1;thesepropertiesguaranteethatthegraphsare
geodesicmetricspaces(sinceweconsiderthateverypointinanyedgeofagraphGisapoint
ofG,whetherornotitisavertexofG). Wewanttoremarkthatby[13]thestudyofthe
hyperbolicityofgraphswithloopsandmultipleedges(non-simplegraphs)canbereduced
tothestudyofthehyperbolicityofsimplegraphs(seeTheorems1.3.8and1.3.9).
1.1 Deﬁnitionofhyperbolicspacesandexamples
Theconceptofhyperbolicityoﬀersaglobalapproachtospaceslikethehyperbolicplane,
simply-connectedRiemannianmanifoldswithnegativesectionalcurvature,metrictreesand
othersclassicalhyperbolicspaces.SeveraloftheirpropertieswereintroducedbyMikhael
Gromovinthecontextofﬁnitelygeneratedgroupsbutitsgeneralityreachednewhorizons.
IfXisageodesicmetricspaceandJ={J1,J2,...,Jn}isapolygon,withsidesJj⊆X,
wesaythatJisδ-thinifforeveryx∈Jiwehavethatd(x,∪j̸=iJj)≤δ. Wedenotebyδ(J)
thesharpthinconstantofJ,i.e.,δ(J):=inf{δ≥0:Jisδ-thin}.
11
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Deﬁnition1.1.1. Givenx1,x2,x3∈X.AgeodesictriangleT={x1,x2,x3}istheunion
ofthethreegeodesics[x1x2],[x2x3]and[x3x1].ThespaceXisδ-hyperbolic(orsatisﬁesthe
Ripsconditionwithconstantδ)ifeverygeodesictriangleinXisδ-thin.
Figure1.1:δ-thintriangle.
Wedenotebyδ(X)thesharphyperbolicityconstantofX,i.e.,δ(X):=sup{δ(T):
TisageodesictriangleinX}.Wesaythat Xishyperbolicifitisδ-hyperbolicforsome
δ≥0.
SometimeswewritethegeodesictriangleTasT={[x1x2],[x2x3],[x3x1]}.
Remark1.1.2.IfXishyperbolic,thenδ(X)=inf{δ≥0:X isδ-hyperbolic}.
OnecancheckthateverygeodesicpolygoninX withnsidesis(n−2)δ(X)-thin;in
particular,anygeodesicquadrilateralis2δ(X)-thin.Theaboveresultisobtainedbydividing
thepolygoninton−2triangles.
Ageodesicbigonisageodesictriangle{x1,x2,x3}withx2=x3.Therefore,everybigon
inaδ-hyperbolicgeodesicmetricspaceisδ-thin.
ThereareseveraldeﬁnitionsofGromovhyperbolicity. Thesediﬀerentdeﬁnitionsare
equivalentinthesensethatifXisδ-hyperbolicwithrespecttothedeﬁnitionA,thenitis
δ′-hyperbolicwithrespecttothedeﬁnitionBforsomeδ′whichjustdependsonδ(see,e.g.,
[17,51]). Wehavechosenthisdeﬁnitionsinceithasadeepgeometricmeaning(see,e.g.,
[51]).
Thefolowingareinterestingexamplesofhyperbolicspaces.
Example1.1.3.Anypointofageodesictriangleinthereallinebelongstotwosidesofthe
trianglesimultaneously,andthereforeRis0-hyperbolic.
Example1.1.4.TheEuclideanplaneR2isnothyperbolic:itisclearthatequilateraltrian-
glescanbedrawnwitharbitrarilylargediameter.
TheargumentinExample1.1.4canbegeneralizedtohigherdimensions:
anormedvectorspaceEishyperbolicifandonlyifdimE=1.
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Figure1.2:RandR2
a
b
c
asexamplesofhyperbolicspaces.
Figure1.3:AnymetrictreeTveriﬁesδ(T)=0.
Example1.1.5.Everymetrictreeis0-hyperbolic:infact,everypointofageodesictriangle
inatreebelongssimultaneouslytotwosidesofthetriangle(seeFigure1.3).
Example1.1.6.Everybounded metricspaceX is(diamX/2)-hyperbolic:infact,the
distancefromanypointofageodesictriangletotheendpointsofitsgeodesicisatmost
diam(X)/2.
Example1.1.7.EverysimplyconnectedcompleteRiemannianmanifoldwithsectionalcur-
vatureverifyingK≤−c2,forsomepositiveconstantc,ishyperbolic.
Thefolowingexampleisanexercisein[102,p.191](itisaparticularcaseofExample
1.1.7).
Example1.1.8.TheopenunitdiskinthecomplexplanewithitsPoincar´emetricis
log(1+√2)-hyperbolic.
Wereferto[17,51]formorebackgroundandfurtherresults.
Wewanttoremarkthatthemainexamplesofhyperbolicgraphsarethetrees.Infact,
thehyperbolicityconstantofageodesicmetricspacecanbeviewedasameasureofhow
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“tree-like”thespaceis,sincethosespacesXwithδ(X
x
y
w
P
)=0arepreciselythemetrictrees.
Thisisaninterestingsubjectsince,inmanyapplications,oneﬁndsthattheborderline
betweentractableandintractablecasesmaybethetree-likedegreeofthestructuretobe
dealtwith(see,e.g.,[36]).
x
y
w
P
P
P
P
P
Figure1.4:FirststepsinordertocomputethehyperbolicityconstantofX.
Forageneralgraphorageneralgeodesicmetricspacedecidingwhetherornotaspace
ishyperbolicisusualyverydiﬃcult. Wehavetoconsideranarbitrarygeodesictriangle
T,andcalculatetheminimumdistancefromanarbitrarypointPofTtotheunionofthe
othertwosidesofthetriangletowhichPdoesnotbelongto(seeFigure1.4).Andthenwe
havetotakethesupremumoveralthepossiblechoicesforPandthenoveralthepossible
choicesforT(seeFigures1.4and1.5).
Figure1.5:Calculatingthesupremumoveralgeodesictriangles.
Withoutdisregardingthediﬃcultyofsolvingthisminimaxproblem,noticethatingeneral
themainobstacleisthatwedonotknowthelocationofgeodesicsinthespace.Therefore,it
isinterestingtoobtaininequalitiesinvolvingthehyperbolicityconstantandotherparameters
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ofgraphs.Anothernaturalproblemistostudytheinvarianceofthehyperbolicityofgraphs
underappropriatetransformations.
Sincetoobtainacharacterizationofhyperbolicgraphsisaveryambitiousgoal,itseems
reasonabletostudythisproblemforparticularclassesofgraphs(seeChapters2,3,4and5).
Weareinterestedintocharacterizethehyperbolicityofseveralgraphproducts.Infact,we
obtainthischaracterizationforstrongandlexicographicproductsandtheCartesiansum;for
directproductofgraphs,weprovideanecessarycondition,andweprovethatthiscondition
isalsosuﬃcientinmanycases.
1.2 Equivalentdeﬁnitionsofhyperbolicity
Gromovproductdeﬁnition
Deﬁnition1.2.1.GivenametricspaceX,wedeﬁnetheGromovproductofx,y∈Xwith
basepointw∈Xby
(x|y)w:=12
(d(x,w)+d(y,w)−d(x,y)). (1.1)
Wesaythat Xisδ-hyperbolicproductifthereisaconstantδ≥0suchthat
(x|z)w≥min{(x|y)w,(y|z)w}−δ (1.2)
foreveryx,y,z,w∈X(see,e.g.,[51]).
Itiswelknownthat(1.2)isequivalenttoourdeﬁnitionofGromovhyperbolicityfor
geodesicmetricspaces(Deﬁnition1.1.1).Furthermore,wehavethefolowingquantitative
resultaboutthisequivalence.
Theorem1.2.2.[51,Proposition2.21,p.41]LetusconsiderageodesicmetricspaceX.
(1)IfXisδ-hyperbolic,thenitis4δ-hyperbolicproduct.
(2)IfXisδ-hyperbolicproduct,thenitis3δ-hyperbolic.
Finedeﬁnition
First,werecalthedeﬁnitionofﬁnetriangles.
Deﬁnition1.2.3.GivenageodesictriangleT={x,y,z}inageodesicmetricspaceX,let
TE beaEuclideantrianglewithsidesofthesamelengththanT.Sincethereisnopossible
confusion,wewilusethesamenotationforthecorrespondingpointsinTandTE. The
maximuminscribedcircleinTE meetstheside[xy](respectively[yz],[zx])inapointz′
(respectivelyx′,y′)suchthatd(x,z′)=d(x,y′),d(y,x′)=d(y,z′)andd(z,x′)=d(z,y′).
Wecalthepoints x′,y′,z′,theinternalpointsof{x,y,z}.Thereisauniqueisometryfxyz
of{x,y,z}ontoatripod(astargraphwithonevertexwofdegree3,andthreevertices
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x′,y′,z′ofdegreeone,suchthatd(x′,w)=d(x,z′)=d(x,y′),d(y′,w)=d(y,x′)=d(y,z′)
andd(z′,w)=d(z,x′)=d(z,y′)),seeFigure1.6.Thetriangle{x,y,z}isδ-ﬁneiffxyz(p)=
fxyz(q)impliesthatd(p,q)≤δ.ThespaceXisδ-ﬁneifeverygeodesictriangleinXisδ-ﬁne.
TE
x y
z
x′y′
z′
z′
x′ y′
wfxyz
Figure1.6:IsometryfxyzofthetriangleTE={x,y,z}ontoatripod.
Wealsoalow degeneratedtripods,i.e.,pathgraphsP1,P2withoneortwovertices,
respectively. Thesesituationscorrespondwithtriangleswithseveralverticesrepeated;in
thesecasestheinscribedcircleinTEisapoint.
ItisknownthatthisdeﬁnitionofﬁneisalsoequivalenttoourdeﬁnitionofGromov
hyperbolicity.Furthermore,wehavethefolowingquantitativeresult.
Theorem1.2.4.[51,Proposition2.21,p.41]LetusconsiderageodesicmetricspaceX.
(1)IfXisδ-hyperbolic,thenitis4δ-ﬁne.
(2)IfXisδ-ﬁne,thenitisδ-hyperbolic.
Insizedeﬁnition
Deﬁnition1.2.5.GivenageodesicmetricspaceX,letT={x,y,z}beageodesictriangle
inXandletx′,y′,z′betheinternalpointsonTinDeﬁnition1.2.3.Letusdeﬁnetheinsize
ofthegeodesictriangleTas
insize(T):=diam{x′,y′,z′}. (1.3)
ThespaceXisδ-insizeifeverygeodesictriangleinXhasinsizeatmostδ.
ThisdeﬁnitionofinsizeisalsoequivalenttoourdeﬁnitionofGromovhyperbolicity.
Besides,wehavethefolowingquantitativeresult.
Theorem1.2.6.[51,Proposition2.21,p.41]LetusconsiderageodesicmetricspaceX.
(1)IfXisδ-hyperbolic,thenitis4δ-insize.
(2)IfXisδ-insize,thenitis2δ-hyperbolic.
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Minsizedeﬁnition
Deﬁnition1.2.7.GivenageodesicmetricspaceX,letT={x,y,z}beageodesictriangle
inXandletx0∈[yz],y0∈[zx],z0∈[xy]. Wedeﬁnetheminsizeofthegeodesictriangle
Ttobe
minsize(T):= minx0,y0,z0∈Tdiam{x0,y0,z0}. (1.4)
ThespaceXisδ-minsizeifeverygeodesictriangleinXhasminsizeatmostδ.
ItisknownthatthisdeﬁnitionofminsizeisalsoequivalenttoDeﬁnitioninaquantitative
way.
Theorem1.2.8.[51,Proposition2.21,p.41]LetusconsiderageodesicmetricspaceX.
(1)IfXisδ-hyperbolic,thenitis4δ-minsize.
(2)IfXisδ-minsize,thenitis8δ-hyperbolic.
1.3 Backgroundonhyperbolicgraphs
Letusreturntoourframework:graphsasgeodesicmetricspaces.Inthissectionwepresent
somepreviousresultsabouthyperbolicgraphs.Theseresultsareusedthroughoutthethesis
orarebenchmarkresultsonthesubject.
Deﬁnition1.3.1. ThediameteroftheverticesofthegraphG,denotedbydiamV(G),is
deﬁnedas
diamV(G):=sup{dG(u,v):u,v∈V(G)},
andthediameterofthegraphG,denotedbydiamG,isdeﬁnedas
diamG:=sup{dG(x,y):x,y∈G}.
Deﬁnition1.3.2. Wesaythatasubgraph ΓofGisisometricifdΓ(x,y)=dG(x,y)for
everyx,y∈Γ.
Wewilneedthefolowingresults(see[103,Lemma5]and[105,Lemma2.1]).
Lemma1.3.3.IfΓisanisometricsubgraphofG,thenδ(Γ)≤δ(G).
Lemma1.3.4.LetusconsiderageodesicmetricspaceX.IfeverygeodesictriangleinX
thatisasimpleclosedcurveisδ-thin,thenXisδ-hyperbolic.
Thislemmahasthefolowingdirectconsequence.Asusual,bycyclewemeanasimple
closedcurve,i.e.,apathwithdiﬀerentverticesinagraph,exceptforthelastone,whichis
equaltotheﬁrstvertex.
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Corolary1.3.5.InanygraphG,
δ(G)=sup{δ(T):Tisageodesictrianglethatisacycle}.
Let(X,dX)and(Y,dY)betwometricspaces. Amapf:X −→Yissaidtobean
(α,β)-quasi-isometricembedding,withconstantsα≥1,β≥0if,foreveryx,y∈X:
α−1dX(x,y)−β≤dY(f(x),f(y))≤αdX(x,y)+β.
Thefunctionfisε-fulifforeachy∈Ythereexistsx∈XwithdY(f(x),y)≤ε.
Amapf:X−→Yissaidtobeaquasi-isometry,ifthereexistconstantsα≥1,β,ε≥0
suchthatfisanε-ful(α,β)-quasi-isometricembedding.
TwometricspacesXandYarequasi-isometricifthereexistsaquasi-isometryf:X−→
Y. Onecancheckthattobequasi-isometricisanequivalencerelation. An(α,β)-quasi-
geodesicinXisan(α,β)-quasi-isometricembeddingbetweenanintervalofRandX.
Afundamentalpropertyofhyperbolicspacesisthefolowing(see,e.g.,[51,p.88]):
Theorem1.3.6(Invarianceofhyperbolicity).Letf:X−→Ybean(α,β)-quasi-isometric
embeddingbetweenthegeodesicmetricspacesX andY.IfYishyperbolic,thenX is
hyperbolic.
Besides,iffisε-fulforsomeε≥0(aquasi-isometry),thenXishyperbolicifandonly
ifYishyperbolic.
Furthermore,ifX(respectively,Y)isδ-hyperbolic,thenY(respectively,X)isδ′-hyperbolic,
whereδ′isaconstantwhichjustdependsonδ,α,βandε(respectively,δ,αandβ).
Thefolowingresult(see[103,Theorem8])wilbeuseful.
Lemma1.3.7.InanygraphGtheinequalityδ(G)≤(diamG)/2holds,anditissharp.
IfGandHareisomorphic,wewriteG≃H.ItisclearthatifG≃H,thenδ(G)=δ(H).
Thefolowingresultsappearin[13,Theorems8and10].Theyalowtoreducethestudy
ofthehyperbolicityofnon-simplegraphstothestudyofthehyperbolicityofsimplegraphs.
Theorems8and10in[13]are,infact,stronger,buttheseversionsbelowaregoodenough
forthiswork.
Givenanon-simplegraphG,wedeﬁneA(G)asthegraphGwithoutitsloops,andB(G)
asthegraphGwithoutitsmultipleedges,obtainedbyreplacingeachmultipleedgebya
singleedge.
Theorem1.3.8.IfGisagraphwithsomeloop,thenGishyperbolicifandonlyifA(G)
ishyperbolic.Besides,
δ(G)=max
{
δ(A(G)),14
}
.
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Theorem1.3.9.IfGisagraphwithsomemultipleedge,thenGishyperbolicifandonly
ifB(G)ishyperbolic.Besides,
δ(G)=max
{
δ(B(G)),12
}
=max
{
δ(A(B(G))),12
}
.
Inparticular,ifA(B(G))isnotatree,thenδ(G)=δ(B(G))=δ(A(B(G))).
Therefore,inwhatfolows,bygraphwemeansimplegraph.
Wewilalsoneedthefolowingresult(see[103,Theorem11]).
Theorem1.3.10.Thefolowinggraphshavethefolowinghyperbolicityconstants:
•Thepathgraphsverifyδ(Pn)=0foreveryn≥1.
•Thecyclegraphsverifyδ(Cn)=n/4foreveryn≥3.
•Thecompletegraphsverifyδ(K1)=δ(K2)=0,δ(K3)=3/4,δ(Kn)=1forevery
n≥4.
•Thecompletebipartitegraphsverifyδ(K1,1)=δ(K1,2)=δ(K2,1)=0,δ(Km,n)=1for
everym,n≥2.
•ThePetersengraphPveriﬁesδ(P)=3/2.
•ThewheelgraphwithnverticesWnveriﬁesδ(W4)=δ(W5)=1,δ(Wn)=3/2for
every7≤n≤10,andδ(Wn)=5/4forn=6andforeveryn≥11.
Wewilusethefolowingresultswhichalowtoreducethestudyofthehyperbolicityof
graphstoacountablesetofgeodesictriangles.
If[v1,v2]∈E(G),thenwesaythatthepointx∈[v1,v2]withdG(x,v1)=dG(x,v2)=1/2
isthemidpoint of[v1,v2]. GivenagraphG,wedeﬁneJ(G)asthesetofpointsofthe
graphGwhichareeitherverticesormidpointsoftheedges.ConsiderthesetT1ofgeodesic
trianglesTinGthatarecyclesandsuchthatthethreeverticesofthetriangleTbelongto
J(G),anddenotebyδ1(G)theinﬁmumoftheconstantsλsuchthateverytriangleinT1is
λ-thin.
Thefolowingthreeresults,whichappearin[11].
Theorem1.3.11.[11,Theorem2.5]ForeverygraphGwehaveδ1(G)=δ(G).
Thenextresultwilnarrowtheposiblevaluesforthehyperbolicityconstantδ.
Theorem1.3.12.[11,Theorem2.6]ForeveryhyperbolicgraphG,δ(G)isamultipleof
1/4.
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Theorem1.3.13.[11,Theorem2.7]ForanyhyperbolicgraphG,thereexistsageodesic
triangleT∈T1suchthatδ(T)=δ(G).
Finaly,wedeﬁnesomefamiliesofgraphswhichwilbeuseful.DenotebyCnthecycle
graphwithn≥3verticesandbyV(Cn):={v(n)1 ,...,v(n)n }thesetoftheirverticessuch
that[v(n)n ,v(n)1 ]∈E(Cn)and[v(n)i ,v(n)i+1]∈E(Cn)for1≤i≤n−1.LetC(1)6 bethesetof
graphsobtainedfromC6byaddinga(properornot)subsetofthesetofedges{[v(6)2 ,v(6)6 ],
[v(6)4 ,v(6)6 ]}.Letusdeﬁnethesetofgraphs
F6:={graphscontaining,asinducedsubgraph,anisomorphicgraph
tosomeelementofC(1)6 }.
C(1)6 C(1)7
Figure1.7:GeneratorsofC(1)6 andC(1)7 .
LetC(1)7 bethesetofgraphsobtainedfromC7byaddinga(properornot)subsetofthe
setofedges{[v(7)2 ,v(7)6 ],[v(7)2 ,v(7)7 ],[v(7)4 ,v(7)6 ],[v(7)4 ,v(7)7 ]}.Deﬁne
F7:={graphscontaining,asinducedsubgraph,anisomorphicgraph
tosomeelementofC(1)7 }.
LetC(1)8 bethesetofgraphsobtainedfromC8byaddinga(properornot)subsetoftheset
{[v(8)2 ,v(8)6 ],[v(8)2 ,v(8)8 ],[v(8)4 ,v(8)6 ],[v(8)4 ,v(8)8 ]}.Also,letC(2)8 bethesetofgraphsobtainedfrom
C8byaddinga(properornot)subsetof{[v(8)2 ,v(8)8 ],[v(8)4 ,v(8)6 ],[v(8)4 ,v(8)7 ],[v(8)4 ,v(8)8 ]}.Deﬁne
F8:={graphscontaining,asinducedsubgraph,anisomorphicgraph
tosomeelementofC(1)8 ∪C(2)8 }.
LetC(1)9 bethesetofgraphsobtainedfromC9byaddinga(properornot)subsetoftheset
ofedges{[v(9)2 ,v(9)6 ],[v(9)2 ,v(9)9 ],[v(9)4 ,v(9)6 ],[v(9)4 ,v(9)9 ]}.Deﬁne
F9:={graphscontaining,asinducedsubgraph,anisomorphicgraph
CHAPTER1. HYPERBOLICSPACES 21
tosomeelementofC(1)9 }.
Finaly,wedeﬁnethesetFby
F:=F6∪F7∪F8∪F9.
NotethatF6,F7,F8andF9arenotdisjointsetsofgraphs.
C(1)8 C(2)8 C(1)9
Figure1.8:GeneratorsofC(1)8 ,C(2)8 andC(1)9 .

Chapter2
Gromovhyperbolicityinstrong
productgraphs
Thestrongproductgraphoperationhasbeenextensivelyinvestigatedinrelationtoawide
rangeofsubjects[1,20,73,115]. Afundamentalprinciplefornetworkdesignisextenda-
bility. Thatistosay,thepossibilityofbuildinglargerversionsofanetworkpreserving
certaindesirableproperties.Fordesigninglarge-scaleinterconnectionnetworks,thestrong
productisausefulmethodtoobtainlargegraphsfromsmaleroneswhoseinvariantscanbe
easilycalculated[20,73,115].
2.1 Thedistanceinstrongproductgraphs
InordertoestimatethehyperbolicityconstantofthestrongproductoftwographsG1and
G2,wemustobtainlowerandupperboundonthedistancesbetweenanytwoarbitrary
pointsinG1⊠G2.Thelemmasofthissectionprovidetheseestimations. Wewilusethe
strongproductdeﬁnitiongivenbySabidussiin[106].
Deﬁnition2.1.1. LetG1=(V(G1),E(G1))andG2=(V(G2),E(G2))twographs. The
strongproductG1⊠G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothattwodistinct
vertices(u1,v1)and(u2,v2)ofG1⊠G2areadjacentifeitheru1=u2and[v1,v2]∈E(G2),
or[u1,u2]∈E(G1)andv1=v2,or[u1,u2]∈E(G1)and[v1,v2]∈E(G2).
Notethatthestrongproductoftwographsiscommutative.
Next,wewilboundthedistancesbetweenanytwodiﬀerentpairofpointsinthestrong
productgraph.Forthisaimwemustdistinguishsomecasesdependingonthesituationof
theconsideredpoints.Letp∈G1andq∈G2betwopointsofG1andG2respectively.The
pair(p,q)isaninnerpointinG1⊠G2,ifp∈G1\V(G1)andq∈V(G2)orp∈V(G1)and
q∈G2\V(G2)orp∈G1\V(G1)andq∈G2\V(G2)(i.e.,(p,q)∈G1⊠G2\V(G1⊠G2)).
NoticethattheﬁrstandsecondcasesoftheinnerpointsinG1⊠G2arecontainedinthe
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CartesianproductgraphG1 G2⊂G1⊠G2;sotheﬁrstandsecondcasesaretheinnerpoints
oftheCartesianedgesproperly.InordertorepresenttheinnerpointsofthenonCartesian
edgesinG1⊠G2wewilconsiderthefolowingassumptions. Let[A1,A2]∈E(G1)and
[B1,B2]∈E(G2)beedgesinG1andG2,respectively.Letp∈[A1,A2]andq∈[B1,B2]be
innerpointsofthesesﬁxededges;wehave(p,q)∈G1⊠G2\G1 G2ifL([pA1])=L([qB1])
orL([pA1])=L([qB2]).
NoticethattherearediﬀerentpointsonG1⊠G2withthesamerepresentation:the
midpointsof[(A1,B1),(A2,B2)]and[(A1,B2),(A2,B1)].Then,thisnotationisambiguous,
butitisconvenient.
Thefolowinglemmasprovideboundsonthedistancebetweenanytwopairofpointsin
thestrongproductgraph(p1,q1),(p2,q2)∈G1⊠G2.
Theﬁrstoneisawelknownpropertyaboutdistancesbetweenverticesinthestrong
productofgraphsprovedin[64].
Lemma2.1.2(Lemma5.1in[64]).LetG1,G2beanygraphs.Ifp1,p2∈V(G1)and
q1,q2∈V(G2),then
dG1⊠G2((p1,q1),(p2,q2))=max{dG1(p1,p2),dG2(q1,q2)}.
Next,alowerboundonthedistancebetweenanytwopointsinthestrongproductgraph.
Proposition2.1.3.LetG1,G2beanygraphs.Forevery(p1,q1),(p2,q2)∈G1⊠G2wehave
dG1⊠G2((p1,q1),(p2,q2))≥max{dG1(p1,p2),dG2(q1,q2)}. (2.1)
Proof.Bysymmetry,itsuﬃcestoprovedG1⊠G2((p1,q1),(p2,q2))≥dG1(p1,p2).Seekingforacontradiction,assumethatdG1⊠G2((p1,q1),(p2,q2))<dG1(p1,p2).
Hence,thereexistageodesicΓjoining(p1,q1)and(p2,q2)inG1⊠G2withL(Γ)<
dG1(p1,p2). Denoteby(A1,B1),...,(Ak,Bk)theverticesofG1⊠G2inΓ;withoutlossofgeneralitywecanassumethatΓmeets(A1,B1),...,(Ak,Bk)inthisorder.Then,wehave
Γ:=[(p1,q1)(A1,B1)]
∪{k−1∪
j=1
[(Aj,Bj),(Aj+1,Bj+1)]
}∪[(Ak,Bk)(p2,q2)].
ByDeﬁnition2.1.1,weobtainthat
γ:=[p1A1]
∪{k−1∪
j=1
[AjAj+1]
}∪[Akp2]
isapathjoiningp1andp2suchthatL(γ)≤L(Γ)<dG1(p1,p2).Thisisthecontradictionwewerelookingfor.
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Thefolowingresultprovidesanupperboundforthedistancebetweenavertexandan
innerpoint,aswelasbetweentwoinnerpointsinG1⊠G2.
Proposition2.1.4.LetG1,G2beanygraphs.
(i)If(u,v)∈V(G1⊠G2)and(p,q)∈G1⊠G2\V(G1⊠G2),then
dG1⊠G2((u,v),(p,q))≤max{dG1(u,p),dG2(v,q)}+1. (2.2)
(i)If(p1,q1),(p2,q2)∈G1⊠G2\V(G1⊠G2),then
dG1⊠G2((p1,q1),(p2,q2))≤max{dG1(p1,p2),dG2(q1,q2)}+2. (2.3)
Proof.Inordertoprove(i),letusconsider[(u1,v1),(u2,v2)]∈E(G1⊠G2)suchthat(p,q)∈
[(u1,v1),(u2,v2)].LetγbeageodesicinG1⊠G2joining(u,v)and(p,q). Withoutlossof
generalitywecanassumethat(u1,v1)∈γ.Deﬁneε:=dG1⊠G2((u1,v1),(p,q)).ByLemma5.1.8,wehave
dG1⊠G2((u,v),(p,q))=max{dG1(u,u1),dG2(v,v1)}+ε
≤max{dG1(u,p)+dG1(p,u1),dG2(v,q)+dG2(q,v1)}+ε
≤max{dG1(u,p),dG2(v,q)}+2ε.
Ifε≤1/2,thenwehave(2.2).Ifε>1/2,thenwehavemax{dG1(u,u2),dG2(v,v2)}=max{dG1(u,u1),dG2(v,v1)}+1;thus,dG1⊠G2
((u,v),(p,q))=max{dG1(u,p),dG2(v,q)}.
Inordertoproof(i),noticethatif(p1,q1),(p2,q2)belongtothesameedgeofG1⊠G2,
thenwehavetheresultsincedG1⊠G2((p1,q1),(p2,q2))<1.Assumenowthat(p1,q1),(p2,q2)belongtodiﬀerentedgesofG1⊠G2. Letusconsider(u1,v1),(u2,v2),(u3,v3),(u4,v4)∈
V(G1⊠G2)suchthat(p1,q1)∈[(u1,v1),(u2,v2)]and(p2,q2)∈[(u3,v3),(u4,v4)]. Let
γ∗beageodesicinG1⊠G2joining(p1,q1)and(p2,q2). Withoutlossofgeneralitywe
canassumethat(u2,v2),(u3,v3)∈γ∗. Deﬁneε1:=dG1⊠G2((u2,v2),(p1,q1))andε2:=dG1⊠G2((u3,v3),(p2,q2)).Then,wehave
dG1⊠G2((p1,q1),(p2,q2))=ε1+max{dG1(u2,u3),dG2(v2,v3)}+ε2
≤2ε1+max{dG1(p1,p2),dG2(q1,q2)}+2ε2.
Noticethatifε1,ε2≤ 1/2,then(2.3)holdsdirectly.Ifε1> 1/2(thecaseε2> 1/2
isanalogous),thenmax{dG1(u1,u3),dG2(v1,v3)}=max{dG1(u2,u3),dG2(v2,v3)}+1;thus,dG1⊠G2
((p1,q1),(u3,v3))=max{dG1(p1,u3),dG2(q1,v3)}.Hence,wehave
dG1⊠G2
((p1,q1),(p2,q2))=max{dG1(p1,u3),dG2(q1,v3)}+ε2
≤max{dG1(p1,p2)+dG1(p2,u3),dG2(q1,q2)+dG2(q2,v3)}+ε2
≤max{dG1(p1,p2),dG2(q1,q2)}+2ε2.
Thisﬁnishestheproof.
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Thepreviouslemmasletusannouncethefolowinggeneralresultonthedistancesinthe
strongproductoftwographs.
Theorem2.1.5.ForalgraphsG1,G2wehave:
(a)dG1⊠G2((p1,q1),(p2,q2))=max{dG1(p1,p2),dG2(q1,q2)},forevery(p1,q1),(p2,q2)∈V(G1⊠G2),
(b)max{dG1(p1,p2),dG2(q1,q2)}≤dG1⊠G2((p1,q1),(p2,q2))≤max{dG1(p1,p2),dG2(q1,q2)}+1,forevery(p1,q1)∈V(G1⊠G2)and(p2,q2)∈G1⊠G2,
(c)max{dG1(p1,p2),dG2(q1,q2)}≤dG1⊠G2((p1,q1),(p2,q2))≤max{dG1(p1,p2),dG2(q1,q2)}+2,forevery(p1,q1),(p2,q2)∈G1⊠G2.
LetusconsidertheprojectionPk:G1⊠G2−→Gkfork∈{1,2}.
Corolary2.1.6.Let{i,j}beapermutationof{1,2}.Then,foreveryx,yinG1⊠G2,
dGi(Pi(x),Pi(y))≤dG1⊠G2(x,y)≤dGi(Pi(x),Pi(y))+diamGj+2. (2.4)
TheseresultsprovideinformationaboutthegeodesicsinG1⊠G2.Noticethat,ifγisa
geodesicjoiningxandyinG1⊠G2,thenitispossiblethatPj(γ)doesnotcontainageodesic
joiningPj(x)andPj(y)inGj,asthefolowingexampleshows.
Example2.1.7.ConsideracyclegraphG1withvertices{v1,...,vn}suchthatvi∼vi+1for
everyi∈{1,...,n−1}andapathgraphG2withvertices{w1,...,wn}suchthatwi∼wi+1
foreveryi∈{1,...,n−1}.ByLemma5.1.8,wehavethatγ:=∪n−1i=1[(vi,wi),(vi+1,wi+1)]isageodesicjoining(v1,w1)and(vn,wn)inG1⊠G2,butP1(γ)=∪n−1i=1[vi,vi+1]doesnotcontainthegeodesicjoiningv1andvninG1(theedge[v1,vn]).
Inthisworkbytrivialgraphwemeanagraphhavingjustasinglevertex,andwedenote
itbyE1.
Thefolowingresultalowstocomputethediameterofthestrongproductoftwographs.
Theorem2.1.8.LetG1,G2beanygraphs.Thenwehave
diamG1⊠G2=


max{diamG1,diamG2}, ifG1orG2isanisomorphicgraphtoE1,
max{diamV(G1),diamV(G2)}+1, otherwise.
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Proof.SinceforanygraphG,E1⊠GisisomorphictoGwehavetheﬁrstequality. By
Lemma5.1.8,wehavediamV(G1⊠G2)=max{diamV(G1),diamV(G2)};hence,
max{diamV(G1),diamV(G2)}≤diamG1⊠G2≤max{diamV(G1),diamV(G2)}+1.
WithoutlossofgeneralitywecanassumethatdiamV(G1)≤diamV(G2).IfdiamV(G2)
=∞,thentheinequalityholds.Hence,wecanassumethatG1andG2arebounded.Let
B1,B2beverticesofG2suchthatdG2(B1,B2)=diamV(G2),andletA1,A2betwoadjacentverticesofG1.LetM1(respectively,M2)bethemidpointof[(A1,B1),(A2,B1)](respectively,
[(A1,B2),(A2,B2)]).OnecancheckthatdG1⊠G2(M1,M2)=diamV(G2)+1.Thisﬁnishtheproof.
Notethat,inparticular,diamG1⊠G2=diamV(G1⊠G2)+1ifG1andG2arenot
isomorphictoE1.
WecandeduceseveralresultsfromTheorem2.1.8.Theﬁrstonesaysthatmax{diamG1,
diamG2}isagoodapproximationofthediameterofG1⊠G2.
Corolary2.1.9.ForalgraphsG1,G2wehave
max{diamG1,diamG2}≤diamG1⊠G2≤max{diamG1,diamG2}+1.
Proof.IfvisavertexofG1(respectively,G2),then,byProposition2.1.3,wehavethat
{v}⊠G2(respectively,G1⊠{v})isanisometricsubgraphofG1⊠G2. Hence,weobtain
theﬁrstinequality. ThesecondoneisaconsequenceofTheorem2.1.8andtheinequality
diamV(G)≤diamG.
Furthermore,wecharacterizethegraphswithdiamG1⊠G2=max{diamG1,diamG2}.
Corolary2.1.10.TheequalitydiamG1⊠G2=max{diamG1,diamG2}holdsifandonly
ifG1orG2isisomorphictoE1,ordiamG =diamV(G)+1forG ∈{G1,G2}with
diamG=max{diamG1,diamG2}.
2.2 Boundsforthehyperbolicityconstant
Someboundsforthehyperbolicityconstantofthestrongproductoftwographsarestudiedin
thissection.TheseboundsalowtoproveTheorem2.2.11,whichcharacterizesthehyperbolic
strongproductgraphs.
ThankstotheLemma1.3.7andTheorem2.1.8weobtainthefolowingconsequence.
Corolary2.2.1.ForalgraphsG1,G2,wehave
δ(G1⊠G2)≤max{diamV(G1),diamV(G2)}+12 ,
andtheinequalityissharp.
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Theorems2.3.6,2.3.8and2.3.9arefamiliesofexamplesforwhichtheequalityinthe
previouscorolaryisattained.
TakingintoaccountthatE1⊠GisanisomorphicgraphtoG,wehavethefolowing
result.
Corolary2.2.2.ForeverygraphGwehave
δ(G⊠E1)=δ(E1⊠G)=δ(G).
Althepreviousresultsalowustopresentthefolowingtheoremwhichprovidessome
lowerboundsforδ(G1⊠G2).
Theorem2.2.3.ForalgraphsG1,G2wehave:
(a)δ(G1⊠G2)≥max{δ(G1),δ(G2)},
(b)δ(G1⊠G2)≥12min{diamV(G1),diamV(G2)},
(c)δ(G1⊠G2)≥12
(diamV(G1)+1),if0<diamV(G1)<diamV(G2),
(d)δ(G1⊠G2)≥14min{diamV(G1)+2δ(G2),diamV(G2)+2δ(G1)}.
Proof.Part(a)isimmediateduetoG1⊠{v}and{u}⊠G2areisometricsubgraphsof
G1⊠G2forevery(u,v)∈V(G1⊠G2). ThenLemma1.3.3givesthatδ(G1⊠G2)≥
δ(G1⊠{v})=δ(G1)andδ(G1⊠G2)≥δ({u}⊠G2)=δ(G2).Hence,weobtainδ(G1⊠G2)≥
max{δ(G1),δ(G2)}.
LetD:=min{diamV(G1),diamV(G2)}.
Letusprove(b).IfD=0,then(b)holds;so,wejustconsiderD>0.IfD<∞,letus
considerageodesicsquareK:={γ1,γ2,γ3,γ4}inG1 G2⊂G1⊠G2withsidesoflengthD;
thenT:={γ1,γ2,γ}isageodesictriangleinG1⊠G2,whereγisadiagonalgeodesicjoining
theendpointsofγ1∪γ2.ItisclearthatthemidpointpofγsatisﬁesdG1⊠G2(p,γ1∪γ2)=D/2;thereforeδ(T)≥D/2and,consequently,δ(G1⊠G2)≥D/2.IfD=∞,wecanrepeatthe
sameargumentforanyintegerNinsteadofD,andweobtainδ(G1⊠G2)≥N/2,forevery
N:hence,δ(G1⊠G2)=∞=D/2.
Inordertoprove(c),notethatD<∞. LetusconsiderageodesicrectangleR:=
{σ1,σ2,σ3,σ4}inG1 G2⊂ G1⊠G2withL(σ1)=L(σ3)=diamV(G1)andL(σ2)=
L(σ4)=diamV(G1)+1.DenotebyγageodesicinG1⊠G2joiningtheendpointsofσ1∪σ2
whichcontainstheedgeinσ4incidenttoσ1∩σ4;wemaychooseγsuchthatitcontainsa
diagonalofageodesicsquareinG1⊠G2. ThenB:={σ1,σ2,γ}isageodesictrianglein
G1⊠G2.Ifpisthemidpointofγ,then
dG1⊠G2(p,σ1∪σ2)=diamV(G1)+12 .
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Consequently,δ(G1⊠G2)≥δ(B)≥(diamV(G1)+1)/2.
Finaly,(d).LetE:=max{δ(G1),δ(G2)}.Thenfromparts(a)and(b),wehave
δ(G1⊠G2)≥max
{D
2,E
}
≥12
(D
2+E
)
=14min{diamV(G1)+2E,diamV(G2)+2E}
≥14min{diamV(G1)+2δ(G2),diamV(G2)+2δ(G1)}.
Theorems2.3.8and2.3.9provideafamilyofexamplesforwhichtheequalityinTheorem
2.2.3(a)isattained.
Corolary2.2.1andTheorem2.2.3providelowerandupperboundsforδ(G1⊠G2)just
intermsofdistancesinG1andG2.
Corolary2.2.4.ForalgraphsG1,G2,wehave
1
2min{diamV(G1),diamV(G2)}≤δ(G1⊠G2)≤
1
2
(max{diamV(G1),diamV(G2)}+1).
FromTheorem2.2.3wehaveobtainedseveralinterestingconsequences. Thefolowing
oneisaqualitativeresultaboutthehyperbolicityofG1⊠G2.
Theorem2.2.5.IfG1andG2areinﬁnitegraphs,thenG1⊠G2isnothyperbolic.
Theorem2.2.6.LetG1,G2begraphswithatleasttwovertices. Letm andM bethe
minimumandthemaximumbetweendiamV(G1)anddiamV(G2),respectively. Thenwe
have
δ(G1⊠G2)≥min
{
m+12,
M
2
}
. (2.5)
Proof.Firstofal,weprove
δ(G1⊠G2)≥min
{
m,M2
}
. (2.6)
Inordertoprovethisinequality,assumeﬁrstthat2m≤M.Ifm<∞,thenletus
considerageodesicrectangleR:=γ1∪γ2∪γ3∪γ4inG1 G2⊂G1⊠G2withL(γ1)=
L(γ3)=2mandL(γ2)=L(γ4)=m,andconsiderageodesicγjoiningtheendpointsof
γ1andcontainingthemidpointofγ3,thenB:={γ1,γ}isageodesicbigoninG1⊠G2.
Ifpisthemidpointofγ3;thendG1⊠G2(p,γ1)=m;thereforeδ(B)≥m,andconsequentlyδ(G1⊠G2)≥m.Ifm=∞,thenwecanrepeatthesameargumentforanyintegerN
insteadofm,andweobtainδ(G1⊠G2)≥N,foreveryN;hence,δ(G1⊠G2)=∞=m.
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If2m>M,thenM<∞ andwecanrepeatthepreviousargumentwith⌊M/2⌋instead
ofm,andweobtaintheresultwhenM iseven.IfM isodd,letusconsiderageodesic
rectangleR:=γ1∪γ2∪γ3∪γ4inG1 G2⊂G1⊠G2withL(γ1)=L(γ3)=2⌊M/2⌋+1=M
andL(γ2)=L(γ4)=⌊M/2⌋;letp1,p2bepointsonγ3suchthatdG1⊠G2(p1,γ4)=⌊M/2⌋anddG1⊠G2(p2,γ2)=⌊M/2⌋;considerageodesicγjoiningtheendpointsofγ1andcontainingp1andp2;thenB:={γ1,γ}isageodesicbigoninG1⊠G2.Denotebypthemidpointof
[p1p2]⊂γ3;so,dG1⊠G2(p,γ1)=M/2;therefore,δ(G1⊠G2)≥δ(B)≥M/2.Sincewehaveproved(2.6),inordertoobtain(2.5),wecanassumethat0<2m<M;
thenwehavem< ∞.Ifwereplace⌊M/2⌋byminthepreviousargument,weobtain
δ(G1⊠G2)≥m+1/2.
Corolary2.3.7andTheorems2.3.8and2.3.9showthattheinequalityinTheorem2.2.6
issharp.
Theorem2.2.7.LetG1,G2beanygraphs.LetmandM betheminimumandthemaximum
betweendiamV(G1)anddiamV(G2),respectively.If2m≥M,then
M
2≤δ(G1⊠G2)≤
M+1
2 . (2.7)
Furthermore,if2m>M>0,then
δ(G1⊠G2)=M+12 . (2.8)
Proof.IfM =0,thenδ(G1⊠G2)=0and(2.7)holds.IfM>0,then,byCorolary2.2.1
andTheorem2.2.6,theinequalitiesin(2.7)holddirectly.
Inordertoprove(2.8),withoutlossofgeneralitywecanassumethatdiamV(G1)=m
anddiamV(G2)=M.AssumeﬁrstthatM isanevennumber.Sincem>M/2,letuscon-
siderA0,A1,...,AM/2+1∈V(G1)andB0,B1,...,BM ∈V(G2)withγ1:=A0A1...AM/2+1
isageodesicinG1andγ2:=B0B1...BM isageodesicinG2.DenotebyX(respectively,
Y)themidpointof[(A0,B0),(A1,B0)](respectively,[(A0,BM),(A1,BM)]).Letusconsider
Γ∗:=[X(A0,B0)]
∪{M∪
i=1
[(A0,Bi−1),(A0,Bi)]
}∪[(A0,BM)Y]
and
Γ′:=[X(A1,B0)]
∪


M/2∪
i=1
[(Ai,Bi−1),(Ai+1,Bi)]


∪
∪


M∪
j=M/2+1
[(AM+2−j,Bj−1),(AM+1−j,Bj)]


∪[(A1,BM)Y].
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ThenB :={Γ∗,Γ′}isageodesicbigoninG1⊠G2.Ifpisthe midpointofΓ′,then
dG1⊠G2(p,Γ∗)=(M +1)/2;therefore,δ(G1⊠G2)≥δ(B)≥(M +1)/2. Then,Corol-lary2.2.1givestheequality.
AssumenowthatM isanoddnumber.Sincem≥(M+1)/2,letusconsider
A0,A1,...,A(M+1)/2∈V(G1)andB0,B1,...,BM ∈V(G2)withγ1:=A0A1...A(M+1)/2is
ageodesicinG1andγ2:=B0B1...BM isageodesicinG2.DenotebyX(respectively,Y)
themidpointof[(A0,B0),(A1,B0)](respectively,[(A0,BM),(A1,BM)]).Letusconsider
Γ∗:=[X(A0,B0)]
∪{M∪
i=1
[(A0,Bi−1),(A0,Bi)]
}∪[(A0,BM)Y]
and
Γ′:=[X(A1,B0)]
∪


(M−1)/2∪
i=1
[(Ai,Bi−1),(Ai+1,Bi)]


∪
∪[(A(M+1)/2,B(M−1)/2),(A(M+1)/2,B(M+1)/2)]
∪
∪


M∪
j=(M+1)/2
[(AM+1−j,Bj−1),(AM−j,Bj)]


∪[(A1,BM)Y].
ThenB :={Γ∗,Γ′}isageodesicbigoninG1⊠G2.Ifpisthe midpointofΓ′,then
dG1⊠G2(p,Γ∗)=(M +1)/2;therefore,δ(G1⊠G2)≥δ(B)≥(M +1)/2. Finaly,Corol-lary2.2.1givestheequality.
Theorems2.3.8and2.3.9showthattheﬁrstinequalityinTheorem2.2.7isattained.
LetXbeametricspace,Yanon-emptysubsetofXandεapositivenumber. Wecal
ε-neighborhoodofYinX,denotedbyVε(Y)totheset{x∈X:dX(x,Y)≤ε}.
Thenextresultwilbeusefulinordertoprovetheupperboundforδ(G1⊠G2)in
Theorem2.2.9below.
Theorem2.2.8(Theorem2.9in[99]).LetXbeaδ-hyperbolicgeodesicmetricspace,u,v∈
X,banon-negativeconstant,hacurvejoininguandvwithL(h)≤d(u,v)+b,andg=[uv].
Then,
h⊆V8δ+b/2(g), g⊆V16δ+b(h).
Theorem2.2.9.LetG1,G2beanygraphs.Then,wehave
δ(G1⊠G2)≤52diamG1+25δ(G2)+5. (2.9)
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Proof.Itsuﬃcestoprove(2.9)ifG1isboundedandG2ishyperbolic,sinceotherwisethe
inequalityδ(G1⊠G2)≤∞holds.LetusconsideranyﬁxedgeodesictriangleT={x,y,z}
inG1⊠G2andα∈T.Inordertoboundδ(T),withoutlossofgeneralitywecanassume
thatα∈[xy].ConsidertheprojectionP2:G1⊠G2−→G2andanygeodesicγ:=[uv]in
G1⊠G2.ByCorolary2.1.6,weobtain
L(P2(γ))≤L(γ)=dG1⊠G2(u,v)≤dG2
(P2(v),P2(v))+b, withb=diamG1+2.
Then,byTheorem2.2.8,thereisα′∈[P2(x)P2(y)]suchthat
dG2(P2(α),α′)≤8δ(G2)+b2. (2.10)
SinceG2ishyperbolic,thereisβ′∈[P2(y)P2(z)]∪[P2(z)P2(x)]suchthat
dG2(α′,β′)≤δ(G2). (2.11)
ByTheorem2.2.8,thereisβ′∈P2([yz]∪[zx])suchthat
dG2(β′,β′)≤16δ(G2)+b. (2.12)
Consequently,by(2.10),(2.11)and(2.12)weobtain
dG2(P2(α),P2([yz]∪[zx]))≤dG2(P2(α),β′)≤25δ(G2)+3b2. (2.13)
Finaly,byCorolary2.1.6and(2.13)weobtain
dG1⊠G2(α,[yz]∪[zx])≤dG2(P2(α),P2([yz]∪[zx]))+b≤25δ(G2)+5b2.
Thisﬁnishestheproof.
Theorems2.2.3and2.2.9providelowerandupperboundsofδ(G1⊠G2)intermsof
linearcombinationsofhyperbolicityconstantsanddiametersofitsgeneratorgraphs,asthe
folowingresultshows.
Corolary2.2.10.ForalgraphsG1,G2,wehave
1
4min{2δ(G1)+diamV(G2),2δ(G2)+diamV(G1)}≤δ(G1⊠G2)
≤52min{diamG1+10δ(G2),diamG2+10δ(G1)}+5.
Corolary2.2.10alowstoobtainthemainresultofthiswork:thecharacterizationofthe
hyperbolicgraphsG1⊠G2.
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Theorem2.2.11.ForalgraphsG1,G2wehavethatG1⊠G2ishyperbolicifandonlyif
G1ishyperbolicandG2isboundedorG2ishyperbolicandG1isbounded.
Manyparametersγofgraphssatisfytheinequalityγ(G1⊠G2)≥γ(G1)+γ(G2).There-
fore,onecouldthinkthattheinequalityδ(G1⊠G2)≥δ(G1)+δ(G2)holdsforalgraphs
G1,G2.However,thisisfalse,asthefolowingexampleshows:
Example2.2.12.δ(P⊠C4)<δ(P)+δ(C4),wherePisthePetersengraph.
WehavethatdiamV(P)=2,diamV(C4)=2. Besides,Theorem1.3.10givesthat
δ(P)=3/2andδ(C4)=1. ByTheorem2.2.7,weobtainδ(P⊠C4)=3/2<3/2+1=
δ(P)+δ(C4).
Theinequalityδ(G1⊠G2)≤δ(G1)+δ(G2)isalsofalse,sinceδ(P2⊠P2)=δ(K4)=1>
2δ(P2)=0.
2.3 Computationofthehyperbolicityconstantforsome
productgraphs
Thislastsectionpresentthevalueofthehyperbolicityconstantformanyproductofgraphs.
Remark2.3.1.ByTheorems1.3.12and1.3.13,inordertocomputethehyperbolicitycon-
stantofagraphGitsuﬃcestoconsiderdG(p,[xz]∪[yz])whereT={x,y,z}isageodesic
trianglethatisacyclewithx,y,z∈J(G)andp∈[xy]satisﬁesdG(p,V(G))∈{0,1/4,1/2}.
Thefolowingresultscharacterizethehyperbolicityconstantofthestrongproductof
treesandcertaingraphs.Theseresultsareinterestingbythemselvesand,furthermore,they
wilbeusefulinordertoprovethelasttheoremsofthisChapter.
Theorem2.3.2.LetTbeanytreeandGanygraphwith 0<diamV(G)<diamT/2.
Then,wehave
δ(G⊠T)=diamV(G)+12.
Proof.Ontheonehand,Theorem2.2.6givesδ(G⊠T)≥diamV(G)+1/2.Ontheother
hand,byTheorem1.3.13itsuﬃcestoconsidergeodesictriangles△={x,y,z}inG⊠Twhich
arecycleswithx,y,z∈J(G⊠T).Let(v,w)beavertexin[xy].IfdG⊠T((v,w),{x,y})≤
diamV(G),thendG⊠T((v,w),[yz]∪[zx])≤diamV(G).AssumethatdG⊠T((v,w),{x,y})>
diamV(G). LetVx(respectively,Vy)betheclosestvertextox(respectively,y)in[xy].
NotethatdG⊠T(Vx,Vy) =dG⊠T(Vx,(v,w))+dG⊠T((v,w),Vy)≥ 2diamV(G). Consider
theprojectionPT onT. ByLemma5.1.8wehavedG⊠T(Vx,Vy)=dT(PT(Vx),PT(Vy)).
DuetodT(PT(Vx),PT(Vy))≤dT(PT(Vx),w)+dT(w,PT(Vy)),wehavedG⊠T(Vx,(v,w))=
dT(PT(Vx),w)anddG⊠T((v,w),Vy)=dT(w,PT(Vy)).Then,w∈[PT(x)PT(y)]=PT([xy]).
SinceTisatree,w∈PT([yz]∪[zx]).Then,([yz]∪[zx])∩(G⊠{w})̸=∅anddG⊠T((v,w),[yz]∪
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[zx])≤diamV(G).So,wehavedG⊠T((v,w),[yz]∪[zx])≤diamV(G)foreveryvertex(v,w)
in[xy].Sincex,y∈J(G⊠T),dG⊠T(p,[yz]∪[zx])≤diamV(G)+1/2foreveryp∈[xy].
Hence,δ(△)≤diamV(G)+1/2,andweobtainδ(G⊠T)≤diamV(G)+1/2.
Theorem2.3.3.LetTbeanytreeandGanygraphwith 0<diamV(G)=diamT/2.
Then,wehave
δ(G⊠T)=diamV(G)+14.
Proof.ByTheorem2.2.7,wehavethatdiamV(G)≤δ(G⊠T)≤diamV(G)+1/2.
NowweshowageodesicbigonBinG⊠Twithδ(B)=diamV(G)+1/4. Deﬁne
byn:=diamV(G)andconsiderv1,...,vn+1 ∈V(G)withvi∼ vi+1 fori=1,...,n
anddG(v1,vn+1) =n. Also,considerw1,...,w2n+1 ∈V(T)withwi∼ wi+1 fori=
1,...,2nanddT(w1,w2n+1)=diamT=2n. Denotebya(respectively,b)themidpoint
of[(v1,w1),(v2,w1)](respectively,[(v1,w2n+1),(v2,w2n+1)]).Letusconsider
γ∗:=[a(v1,w1)]
∪{2n∪
i=1
[(v1,wi),(v1,wi+1)]
}∪[(v1,w2n+1)b]
and
γ′:=[a(v2,w1)]
∪{n−1∪
i=1
[(vi+1,wi),(vi+2,wi+1)]
}∪[(vn+1,wn),(vn+1,wn+1)]
∪
∪[(vn+1,wn+1),(vn+1,wn+2)]
∪{n−1∪
j=1
[(vn+2−j,wn+1+j),(vn+1−j,wn+2+j)]
}∪
∪[(v2,w2n+1)b].
ConsiderthegeodesicbigonB:={γ∗,γ′}inG⊠T.Letpbethemidpointofγ′andletp0
beapointinγ′withdG⊠T(p0,p)=1/4;thendG⊠T(p0,γ∗)=n+1/4andδ(G⊠T)≥δ(B)≥
n+1/4.
Hence,byTheorem1.3.12wehaveδ(G⊠T)∈{n+1/4,n+1/2}. Seekingfora
contradictionassumethatδ(G⊠T)=n+1/2. Thenthereareageodesictriangle△ =
{x,y,z}inG⊠Tandp∈[xy]withdG⊠T(p,[yz]∪[zx])=n+1/2.ByTheorem1.3.13wecan
assumethat△isacyclewithx,y,z∈J(G⊠T).ByTheorem2.1.8,diam(G⊠T)=2n+1and
weconcludethatL([xy])=2n+1andpisthemidpointof[xy].SincediamV(G⊠T)=2n,
wehavethatx,yaremidpointsofedgesinG⊠T,andso,pisavertexofG⊠T. We
canwrite[xy]∩V(G⊠T)={(a1,b1),(a2,b2),...,(a2n+1,b2n+1)}witha1,...,a2n+1∈V(G),
(ai,bi)∼(ai+1,bi+1)fori=1,...,2nanddT(b1,b2n+1)=2n. Thus,p=(an+1,bn+1)and
p∈V(G⊠{bn+1}).SinceTisatreewehavethat([yz]∪[zx])∩(G⊠{bn+1})̸=∅;in
particular,dG⊠T(p,[yz]∪[zx])≤diamV(G).Thisisthecontradictionwewerelookingfor,
andthenδ(G⊠T)=diamV(G)+1/4.
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Thefolowinglemmawilbeuseful.
Lemma2.3.4.LetCm beacyclegraphandGanygraphwithdiamV(G)<diamV(Cm).
Letγ=[xy]beageodesicinG⊠Cm suchthatx,y∈J(G⊠Cm).Then,L(PCm(γ))≤m/2wherePCm istheprojectiononCm.
Proof.IfdiamV(G)=0,thentheresultisdirect.AssumenowthatdiamV(G)>0.
IfL(γ)≤m/2,thenwehavetheresultsinceL(PCm(γ))≤L(γ).AssumethatL(γ)>m/2.Seekingforacontradiction,assumethatL(PCm(γ))>m/2.Assumethatm iseven(thecasem oddissimilar). Sincex,y∈J(G⊠Cm)and
L(PCm(γ))> m/2,therearex′,y′∈γ∩J(G⊠Cm)suchthatdCm(PCm(x′),PCm(y′))=(m+1)/2. Withoutlossofgeneralitywecanassumethatx′∈V(G⊠Cm)andy′/∈
V(G⊠Cm). LetA,A1,A2∈V(G)andB,B1,B2∈V(Cm)suchthatx′=(A,B)and
y′∈[(A1,B1),(A2,B2)].SincedCm(PCm(x′),PCm(y′))=(m+1)/2,withoutlossofgeneralitywecanassumethatdCm(B,B1)+1=dCm(B,B2)=m/2.SincediamV(Cm)>diamV(G),byLemma5.1.8wehavedG⊠Cm((A,B),(A1,B1))=m/2−1;thus,dG⊠Cm(x′,y′)≤(m−1)/2.Thisisthecontradictionwewerelookingfor.
Thefolowingtheoremprovidestheexactvalueofthehyperbolicityconstantofthestrong
productofacycleCm andanygraphGwithdiamV(G)≤diamV(Cm)/2. Thisresultis
interestingbyitselfand,furthermore,itwilbeusefulinordertoprovethelasttheoremsof
thisChapter.
Theorem2.3.5.LetCmbeacyclegraphandGanygraphwithdiamV(G)≤diamV(Cm)/2.
Then,wehave
δ(G⊠Cm)=
{⌊m/2⌋/2+1/4, ifdiamV(G)=diamV(Cm)/2,
m/4, ifdiamV(G)<diamV(Cm)/2. (2.14)
Proof.IfdiamV(G)=0,thentheequalityistrivial.AssumenowthatdiamV(G)>0.Let
V(Cm)={w1,...,wm}wherewi∼wi+1fori=1,...,m−1.LetPCm betheprojectiononCm.
First,weprovethatδ(G⊠Cm)<(⌊m/2⌋+1)/2.Seekingforacontradiction,assume
thatthereareageodesictriangleT={x,y,z}inG⊠Cm andapointp∈γ:=[xy]with
dG⊠Cm(p,[yz]∪[zx])=(⌊m/2⌋+1)/2=diam(G⊠Cm)/2. ThenL(γ)=diam(G⊠Cm)anddG⊠Cm(p,[yz]∪[zx])=diam(G⊠Cm)/2,andweconcludethatpisthemidpointofγ. ByTheorem1.3.13,wecanassumethatTisacyclewithx,y,z∈J(G⊠Cm).Since
diamV(G⊠Cm)=diam(G⊠Cm)−1,byTheorem2.1.8wehavethatx,yaremidpointsof
edgesinG⊠Cm.LetVx(respectively,Vy)betheclosestvertextox(respectively,y)inγ.Let
V′x(respectively,V′y)betheclosestvertextox(respectively,y)in[xz](respectively,[yz]).ByLemma5.1.8,wehavedG⊠Cm(Vx,Vy)=dCm(PCm(Vx),PCm(Vy))=⌊m/2⌋.Therefore,sincediamV(G)≤ diamV(Cm)/2wehavedCm(PCm(Vx),PCm(p)) =dCm(PCm(p),PCm(Vy)) =
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⌊m/2⌋/2.ByLemma2.3.4wehaveL(PCm(γ))≤m/2,since2
(⌊m/2⌋/2+1/2)>m/2we
haveeitherPCm(Vx)=PCm(x)=PCm(V′x)orPCm(Vy)=PCm(y)=PCm(V′y).So,wehave
dG⊠Cm(p,[xz]∪[yz])≤dG⊠Cm(p,{V′x,V′y})≤⌊m/2⌋/2≤m/4.
Thisisthecontradictionwewerelookingfor,andwehaveδ(G⊠Cm)<(⌊m/2⌋+1)/2.So,
byTheorem1.3.12wehaveδ(G⊠Cm)≤⌊m/2⌋/2+1/4.
Assumenowthat⌊m/2⌋=2diamV(G).Ifmisodd(i.e.,m=4k+1),thenTheorem
2.2.3(a)givesδ(G⊠Cm)≥m/4=⌊m/2⌋/2+1/4.So,(2.14)holds.Assumethatmineven
(i.e.,m=4k).NowweshowageodesicbigonBinG⊠Cm withδ(B)=⌊m/2⌋/2+1/4=
k+1/4.Notethatk=diamV(G)andconsiderv1,...,vk+1∈V(G)withvi∼vi+1fori=
1,...,kanddG(v1,vk+1)=k.Denotebya(respectively,b)themidpointof[(v1,w1),(v2,w1)]
(respectively,[(v1,w2k+1),(v2,w2k+1)]).Letusconsider
γ∗:=[a(v1,w1)]
∪{2k∪
i=1
[(v1,wi),(v1,wi+1)]
}∪[(v1,w2k+1)b]
and
γ′:=[a(v2,w1)]
∪{k−1∪
i=1
[(vi+1,wi),(vi+2,wi+1)]
}∪[(vk+1,wk),(vk+1,wk+1)]
∪
∪[(vk+1,wk+1),(vk+1,wk+2)]
∪{k−1∪
j=1
[(vk+2−j,wk+1+j),(vk+1−j,wk+2+j)]
}∪
∪[(v2,w2k+1)b].
ThenB:={γ∗,γ′}isageodesicbigoninG⊠Cm withδ(B)=k+1/4=⌊m/2⌋/2+1/4.
Finaly,assumethat⌊m/2⌋>2diamV(G). ByTheorem2.2.3(a)itsuﬃcestoprove
δ(G⊠Cm)≤m/4.Ifmisodd,then⌊m/2⌋/2+1/4=m/4and(2.14)holds.
Assumethatm iseven,thendiamV(G)≤ m/4−1/2. Fixanygeodesictriangle
T={x,y,z}inG⊠Cm andp∈[xy].ByRemark2.3.1,wecanassumethatTisacycle,
x,y,z∈J(G⊠Cm)andpsatisﬁesdG(p,V(G))∈{0,1/4,1/2}.IfdG⊠Cm(p,{x,y})≤m/4,thendG⊠Cm(p,[yz]∪[zx])≤ m/4. AssumethatdG⊠Cm(p,{x,y})> m/4;sincex,y∈J(G⊠Cm)anddG(p,V(G))∈{0,1/4,1/2},wehavedG⊠Cm(p,{x,y})≥m/4+1/4. WehaveL([xy])>m/2.LetVx(respectively,Vy)betheclosestvertextox(respectively,y)in
[xy];thendG⊠Cm(p,{Vx,Vy})≥m/4−1/4.LetV′x(respectively,V′y)betheclosestvertextox(respectively,y)in[xz](respectively,[yz]).Sincemisevenandx,y∈J(G⊠Cm)
wehavedG⊠Cm(Vx,Vy)≥m/2andweconcludedG⊠Cm(Vx,Vy)=m/2. ByLemma5.1.8wehavedG⊠Cm(Vx,Vy) =dCm(PCm(Vx),PCm(Vy)) =m/2;byLemma2.3.4weconcludeL(PCm([xy])
)=m/2.Sincem/2=⌊m/2⌋>diamV(G),wehavePCm(Vx)=PCm(x)=
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PCm(V′x)andPCm(Vy)=PCm(y)=PCm(V′y).SincedG⊠Cm(p,{Vx,Vy})≤dG⊠Cm(Vx,Vy)/2=m/4,withoutlossofgeneralitywecanassumethatdG⊠Cm(p,{Vx,Vy})=dG⊠Cm(p,Vx)≤m/4. LetVpbetheclosestvertextopin[xp]. SincedG⊠Cm(p,Vx)≥ m/4−1/4>m/4−1/2≥diamV(G),wehavediamV(G)≥dG⊠Cm(Vp,Vx)=dCm(PCm(Vp),PCm(Vx))=dCm(PCm(Vp),PCm(V′x))andweconcludedG⊠Cm(Vp,Vx)=dG⊠Cm(Vp,V′x)anddG⊠Cm(p,[xz]∪[yz])≤dG⊠Cm(p,V′x)≤dG⊠Cm(p,Vx)≤m/4.Thenδ(G⊠Cm)≤m/4.
AsaconsequenceofTheorems2.2.7,2.3.2,2.3.3and2.3.5weobtaintheprecisevalues
ofthehyperbolicityconstantsofthefolowingfamiliesofgraphs.
Theorem2.3.6.LetT1,T2betwotreeswithdiamT1≤diamT2.Then
δ(T1⊠T2)=


0, ifdiamT1=0,
diamT1+1/2, if0<diamT1<(diamT2)/2,
diamT1+1/4, if0<diamT1=(diamT2)/2,
(diamT2+1)/2, ifdiamT1>(diamT2)/2.
Corolary2.3.7.LetPn,Pm betwopathgraphswith2≤n≤m.Then
δ(Pn⊠Pm)=


m/2, ifm−1<2(n−1),
n−3/4, ifm−1=2(n−1),
n−1/2, ifm−1>2(n−1).
Theorem2.3.8.LetCn,Cm betwocyclegraphswith3≤n≤m.Then
δ(Cn⊠Cm)=


⌊m/2⌋/2+1/2, if⌊m/2⌋<2⌊n/2⌋,
⌊m/2⌋/2+1/4, if⌊m/2⌋=2⌊n/2⌋,
m/4, if⌊m/2⌋>2⌊n/2⌋.
Theorem2.3.9.Foreverym≥2,n≥3,
δ(Cn⊠Pm)=


⌊n/2⌋+1/2, if⌊n/2⌋<(m−1)/2,
⌊n/2⌋+1/4, if⌊n/2⌋=(m−1)/2,
m/2, if(m−1)/2<⌊n/2⌋≤(m−1),(⌊n/2⌋+1)/2, ifm−1<⌊n/2⌋<2(m−1),
⌊n/2⌋/2+1/4, if⌊n/2⌋=2(m−1),
n/4, if⌊n/2⌋>2(m−1).

Chapter3
Gromovhyperbolicityinlexicographic
productgraphs
Thelexicographicproductofgraphshasbeenextensivelyinvestigatedinrelationtoawide
rangeofsubjects(see,e.g.,[76,98,107,120,121]andthereferencestherein).
3.1 Distancesinlexicographicproducts
Inordertoestimatethehyperbolicityconstantofthelexicographicproductoftwographs
G1andG2,wemustobtainboundsonthedistancesbetweenanytwoarbitrarypointsin
G1◦G2.Besides,westudythegeodesicsinG1◦G2,relatingthemwiththegeodesicsinG1.
Thelemmasofthissectionprovidetheseresults.
Wewilusethelexicographicproductdeﬁnitiongivenin[64].
Deﬁnition3.1.1.LetG1=(V(G1),E(G1))andG2=(V(G2),E(G2))betwographs.The
lexicographicproductG1◦G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothattwo
distinctvertices(u1,v1)and(u2,v2)ofG1◦G2areadjacentifeither[u1,u2]∈E(G1),or
u1=u2and[v1,v2]∈E(G2).
Notethatthelexicographicproductoftwographsisnotalwayscommutative(seeFigure
3.1). Weusethenotation(x,y)forthepointsofthegraphG1◦G2withx∈V(G1)or
y∈V(G2). Otherwise,thisnotationcanbeambiguous. Weconsiderthateveryedgeof
G1◦G2haslength1.
Remark3.1.2.TheCartesianandthestrongproductoftwographsaresubgraphsofthe
lexicographicproductoftwographs,i.e.,G1 G2⊆G1⊠G2⊆G1◦G2.
Remark3.1.3.LetGbeanygraph.ThenG◦E1≃GandE1◦G≃G.
39
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P3◦P4 P4◦P3
Figure3.1:Noncommutativelexicographicproductoftwographs(P3◦P4 ≄P4◦P3).
Inwhatfolowswedenotebyπtheprojectionπ:G1◦G2→ G1.Thefolowingresult
alowstocomputethedistancebetweenanytwoverticesofG1◦G2.
Lemma3.1.4.LetG1beanon-trivialgraphandG2anygraphand(u,v),(u′,v′)two
verticesinG1◦G2.Then
dG1◦G2((u,v),(u′,v′))=
{min{2,dG2(v,v′)}, ifu=u′,dG1(u,u′), ifu̸=u′.
Proof.Assumeﬁrstthatu=u′,thus(u,v),(u,v′)∈V({u}◦G2).IfdG2(v,v′)≤2thendG1◦G2
((u,v),(u,v′))=dG2(v,v′)sinceapathinG1◦G2joining(u,v)and(u,v′)whichisnotcontainedin{u}◦G2hasavertexoutof{u}◦G2,andso,itslengthisatleast2.If
dG2(v,v′)>2then
dG1◦G2((u,v),(u,v′))=dG1◦G2((u,v),{w}◦G2)+dG1◦G2({w}◦G2,(u,v′))=2,
where[u,w]∈E(G1).
Assumenowthatu̸=u′.Ifγ:=[uu′]isageodesicinG1joiningthepointsuandu′with
L(γ)=k,thenthereexistverticesA1,...,Ak−1inγ\{u,u′}. Withoutlossofgeneralitywe
canassumethatγmeetsA1,...,Ak−1inthisorder.Ifweﬁxv0∈V(G2),then
dG1◦G2((u,v),(u′,v′))≤dG1◦G2((u,v),(A1,v0))+...+dG1◦G2((Ak−1,v0),(u′,v′))=k.
IfdG1◦G2((u,v),(u′,v′))<k,thenthereexistsageodesicΓinG1◦G2joining(u,v)and(u′,v′)withL(Γ)=r<k. DenotebyB1,...,Br−1theverticesinΓ\{(u,v),(u′,v′)}.
WithoutlossofgeneralitywecanassumethatΓmeets B1,...,Br−1inthisorder.Thenwe
have
Γ:=[(u,v),B1]
∪{r−2∪
j=1
[Bj,Bj+1]
}∪[Br−1,(u′,v′)].
ByDeﬁnition3.1.1,
γ1:=[u,π(B1)]
∪{r−2∪
j=1
[π(Bj),π(Bj+1)]
}∪[π(Br−1),u′]
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isapathjoininguandu′inG1suchthatL(γ1)≤L(Γ)<L(γ). Thisisacontradiction,
thus
dG1◦G2((u,v),(u′,v′))=dG1(u,u′).
Lemma3.1.5.LetG1beanon-trivialgraphandG2anygraph.ThenG1◦G2⊆V3/2(G1◦{v})
foreveryv∈V(G2).
Proof.LetpbeanypointofG1◦G2.Ifp∈V(G1◦G2),thenconsideranyu0∈V(G1)such
that[π(p),u0]∈E(G1).Deﬁnition3.1.1givesdG1◦G2(p,G1◦{v})≤dG1◦G2(p,(u0,v))=1foreveryv∈V(G2)sinceG1isnon-trivial.Assumethatp/∈V(G1◦G2).LetA∈V(G1◦G2)
withdG1◦G2(p,A)≤1/2.Hence,wehave
dG1◦G2(p,G1◦{v})≤dG1◦G2(p,A)+dG1◦G2(A,G1◦{v})≤3/2.
Lemma3.1.6.Lety1,y2beanypointsinG2withdG2(y1,y2)≤5/2andx0aﬁxedvertexinG1.Thenγ:={x0}×[y1y2]isageodesicinG1◦G2joiningthepoints(x0,y1)and(x0,y2).
Proof.IfG1isthetrivialgraph,thenG1◦G2≃G2andwehavetheresult.Assumethat
G1isanon-trivialgraph.Seekingforacontradictionassumethatγisnotageodesicin
G1◦G2. Therefore,thereisageodesicΓinG1◦G2joining(x0,y1)and(x0,y2)whichis
notcontainedin{x0}◦G2. Hence,ΓhasavertexVoutsideof{x0}◦G2;thus,wehave
2≤L(Γ)<L(γ)≤5/2. Wehave
Γ=[(x0,y1)(x0,B1)]∪[(x0,B1),V]∪[V,(x0,B2)]∪[(x0,B2)(x0,y2)],
whereBiisaclosestvertextoyiinG2,fori=1,2.Sinceγ∪ΓcontainsacycleCwith
(x0,B1),(x0,B2)∈CandL(γ)+L(Γ)<5wehaveL(C)≤4anddG2(B1,B2)≤2,andso,weobtain
dG2(y1,y2)≤dG2(y1,B1)+dG2(B1,B2)+dG2(B2,y2)
≤dG2(y1,B1)+2+dG2(B2,y2)=L(Γ)<L(γ)=dG2(y1,y2).
Thisisthecontradictionwewerelookingfor,andso,γisageodesicinG1◦G2.
Corolary3.1.7.LetG1beanon-trivialgraphandG2anygraph,y1,y2anypointsinG2
withdG2(y1,y2)>3andx0aﬁxedvertexinG1. Then{x0}×[y1y2]isnotageodesicinG1◦G2.
Proof.LetBibetheclosestvertextoyiinG2,fori=1,2.SinceG1isanon-trivialgraph
thereisavertexu0∈V(G1)suchthat[x0,u0]∈E(G1).Foranyﬁxedv0∈V(G2)wehave
Γ:=[(x0,y1)(x0,B1)]∪[(x0,B1),(u0,v0)]∪[(u0,v0),(x0,B2)]∪[(x0,B2)(x0,y2)]
isapathinG1◦G2joining(x0,y1)and(x0,y2). Besides,sincedG2(y1,B1)≤1/2anddG2(y2,B2)≤1/2wehaveL(Γ)≤3<dG2(y1,y2)=L({x0}×[y1y2]).
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Remark3.1.8.Lety1,y2betwomidpointsinanygraphG2withdG2(y1,y2)=3andx0aﬁxedvertexinanygraphG1.Then{x0}×[y1y2]isageodesicinG1◦G2joining(x0,y1)and
(x0,y2).
Lemma3.1.9.LetG1beanon-trivialgraphandG2beanygraph.Ifγisageodesicin
G1◦G2joiningxandywithL(γ)>3,thenπ(γ)containsatleastthreeverticesinG1.
Furthermore,ifσisapathinG1◦G2joiningxandy,thenπ(σ)containsatleastthree
verticesinG1.
Proof.SinceL(γ)>3thenγcontainsatleastthreeverticesinG1◦G2.LetV1andV2be
theclosestverticestoxandyinγ,respectively.Seekingforacontradictionassumethat
π(γ)containseitheroneortwoverticesinG1.SinceG1isanon-trivialgraphandπ(γ)
containsatmosttwovertices,Lemma3.1.4givesthatdG1◦G2(V1,V2)=2andπ(V1)=π(V2).Furthermore,sinceL(γ)>3wehaveeitherdG1◦G2(x,V1)>1/2ordG1◦G2(y,V2)>1/2.Withoutlossofgeneralitywecanassumethat dG1◦G2(x,V1)>1/2.LetW bethevertexinG1◦G2withxintheedge[V1,W].ThendG1◦G2(x,W)<1/2<dG1◦G2(x,V1).Considernowapathγ1:=[xW]∪[WV2]∪[V2y]joiningxandyinG1◦G2.Hence,L(γ1)<L(γ)since
dG1◦G2(W,V2)≤2. Thisisthecontradictionwewerelookingfor,andthenπ(γ)containsatleastthreeverticesinG1.Finaly,sinceL(σ)≥L(γ)andπ(γ)containsatleastthree
vertices,theproofisstraightforward.
Lemma3.1.10.LetG1beanon-trivialgraphandG2beanygraph.Considerageodesic
γinG1◦G2joiningxandy.IfL(γ)>3,thenπ(γ)isageodesicinG1joiningπ(x)and
π(y).Besides,ifL(γ)=3thenπ(γ)containsageodesicinG1joiningπ(x)andπ(y).
Proof.AssumeﬁrstthatL(γ)>3.ByLemma3.1.9,π(γ)containsatleastthreevertices
inG1. DenotebyV1,...,VrtheverticesofG1◦G2inγwithr≥3,andv1,...,vrtheir
projectionsinG1(thereareatleastthreediﬀerentvertices). Withoutlossofgeneralitywe
canassumethatγmeetV1,...,Vrinthisorder.LetV′1,V′rbetwoverticesinG1◦G2suchthatx∈[V′1,V1]andy∈[V′r,Vr],anddenotebyv′1,v′rtheirprojectionsinG1,respectively.SincedG1◦G2(V1,Vr)≥2anddG1◦G2(x,y)≥3,Lemma3.1.4givesdG1
({v1,v′1},{vr,v′r}
)≥2.
SeekingforacontradictionassumethatthereisageodesicΓinG1joiningπ(x)andπ(y)
withlengthlessthanL(π(γ)).Letusconsiderv∗i:={vi,v′i}∩ΓandV∗i ∈{Vi,V′i}withπ(V∗i)=v∗ifori∈{1,r}.Now,wehavethreecases.
1.π(x)̸=v1andπ(y)̸=vr.Thenπ(x)∈[v′1,v1]andπ(y)∈[v′r,vr].Letγ1:=[xV∗1]∪[V∗1V∗r]∪[V∗ry]⊂G1◦G2.SincedG1(v∗1,v∗r)≥2,Lemma3.1.4givesdG1◦G2(V∗1,V∗r)=dG1(v∗1,v∗r),andsoL(γ1)=L(Γ)<L(π(γ))≤L(γ).Thisisthecontradictionwewerelookingfor,andso,π(γ)isageodesicinG1joiningπ(x)andπ(y).
2.π(x)=v1andπ(y)̸=vrorπ(x)̸=v1andπ(y)=vr. Bysymmetry,wecanas-
sumeπ(x)=v1andπ(y)̸=vr. Thenπ(y)∈[v′r,vr]anddG1◦G2(x,V1)≤1/2.Letγ1:=[xV1]∪[V1V∗r]∪[V∗ry]⊂G1◦G2. SincedG1(v1,v∗r)≥2,Lemma3.1.4gives
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dG1◦G2(V1,V∗r)=dG1(v1,v∗r),andsoL(γ1)=L(Γ)+L([xV1])<L(π(γ))+L([xV1])≤L(γ).Thisisthecontradictionwewerelookingfor,andso,π(γ)isageodesicinG1
joiningπ(x)andπ(y).
3.π(x)=v1andπ(y)=vr.Thenπ(γ)=π([V1Vr]).SincedG1(v1,vr)≥2,Lemma3.1.4givesdG1◦G2(V1,Vr)=dG1(v1,vr).ThenL
(π(γ))=dG1(v1,vr),andπ(γ)isageodesicinG1joiningπ(x)andπ(y).
AssumenowthatL(γ)=3.Thenπ(γ)containseitherone,two,threeorfourverticesin
G1.
Ifπ(γ)containsasinglevertexinG1,thenγiscontainedin{v}◦G2forsomev∈V(G1).
Thus,π(γ)=visageodesicinG1joiningπ(x)withπ(y).
Ifπ(γ)containsexactlytwoverticesinG1,thenx,yaremidpointsofedgesandπ(x)=
π(y).
Ifπ(γ)containsthreeorfourverticesinG1,thenπ(γ)containsageodesicinG1joining
π(x)andπ(y),andtheargumentusedintheproofofthecaseL(γ)>3givesthatπ(γ)isa
geodesic.
Remark3.1.11.LetγbeageodesicinG1◦G2joiningxandy.IfL(γ)=3andπ(γ)isnota
geodesicinG1joiningπ(x)andπ(y),thenx,yaremidpointsofedges,π(x)=π(y)∈V(G1)
anddiam(π(γ))=1.
Corolary3.1.12.LetγbeageodesicinG1◦G2joiningxandy.Ifπ(γ)isnotageodesic
inG1joiningπ(x)andπ(y),thendiam(π(γ))<3.
Noticethat,ifγisageodesicinG1◦G2joiningthepointsxandy,thenitispossiblethat
π(γ)doesnotcontainageodesicinG1joiningthepointsπ(x)andπ(y),asthefolowing
exampleshows.
Example3.1.13.ConsiderG1asthecyclegraphC3withvertices{v1,v2,v3}andG2as
thepathgraphP3withvertices{w1,w2,w3}andE(G2)={[w1,w2],[w2,w3]}.Letxand
ybethemidpointsofedges[(v1,w1),(v2,w1)]and[(v1,w3),(v3,w3)],respectively. Wehave
thatγ:=[x(v2,w1)]∪[(v2,w1),(v3,w3)]∪[(v3,w3)y]isageodesicinG1◦G2joiningxand
y,butπ(γ)=[π(x)v2]∪[v2,v3]∪[v3π(y)]doesnotcontainthegeodesicinG1joiningπ(x)
andπ(y)(notethatthisgeodesicis[π(x)v1]∪[v1π(y)]).
3.2 Hiperbolicityinlexicographicproducts
Someboundsforthehyperbolicityconstantofthelexicographicproductoftwographsare
studiedinthissection. TheseboundsalowtoproveTheorem3.2.14,whichcharacterizes
thehyperboliclexicographicproductsoftwographs.
Thenexttheoremshowsanimportantqualitativeresult:ifG1isnothyperbolicthen
G1◦G2isnothyperbolic.
CHAPTER3. GROMOVHYPERBOLICITYINLEXICOGRAPHICPRODUCTGRAPHS44
Theorem3.2.1.LetG1andG2twographs,thenδ(G1)≤δ(G1◦G2).
Proof.SinceG1◦{y}isanisometricsubgraphofG1◦G2foreveryy∈V(G2),Lemma1.3.3
givestheresult.
Example4.2.3showsthattheequalityinTheorem3.2.1isattained:δ(Cn)=δ(Cn◦P2)
forn≥5.
NotethatthestrongproductgraphG⊠P2isisomorphictoG◦P2foranygraphG.
Werecalthat δ(Pn)=0sincethepathgraphPnisatree;besides,itiswelknownthat
thehyperbolicityconstantofthecyclegraphCnisn/4,seeTheorem1.3.10.Thefolowing
resultswhichappearin[24]givethehyperbolicityconstantofsomelexicographicproduct
graphs.
Example3.2.2.LetPnbethepathgraphwithn≥2.Then
δ(Pn◦P2)=


1, ifn=2,
5/4, ifn=3,
3/2, ifn≥4.
Example3.2.3.LetCnbethecyclegraphwithn≥3.Then
δ(Cn◦P2)=


1, ifn=3,
5/4, ifn=4,
n/4, ifn≥5.
Example3.2.4.LetKm,Knbethecompletegraphswithm,nvertices,respectively,and
m,n≥2.ThenKm◦KnisisomorphictoKmn andδ(Km◦Kn)=1.
Proposition3.2.5.LetG1beanon-trivialgraphandG2anygraph. Considerisometric
subgraphsΓ1,Γ2ofG1,G2,respectively,withΓ1non-trivial. ThenΓ1◦Γ2isanisometric
subgraphtoG1◦G2.
NotethattakingΓ1asatrivialgraph,Γ1◦Γ2isnotanisometricsubgraphtoG1◦G2if
diamV(Γ2)≥3.
Proof.SinceΓ1◦Γ2isasubgraphofG1◦G2,wehavedΓ1◦Γ2(x,y)≥dG1◦G2(x,y)foreveryx,y∈Γ1◦Γ2.Letx,ybeanypointsofΓ1◦Γ2.Ifx,y∈V(Γ1◦Γ2)thenbyLemma3.1.4
wehavedG1◦G2(x,y)=dΓ1◦Γ2(x,y)andweobtaintheresult. Withoutlossofgeneralitywecanassumethatx,y/∈V(Γ1◦Γ2).LetA1,A2,B1,B2∈V(Γ1◦Γ2)withx∈[A1,A2],
y∈[B1,B2].ConsiderageodesicγinG1◦G2joiningxandywithγ:=[xAi]∪[AiBj]∪[Bjy]
forsomei,j∈{1,2}.Then
dΓ1◦Γ2(x,y)≤dΓ1◦Γ2(x,Ai)+dΓ1◦Γ2(Ai,Bj)+dΓ1◦Γ2(Bj,y)=dG1◦G2(x,y).
Thus,dG1◦G2(x,y)=dΓ1◦Γ2(x,y).
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Theorem3.2.6.LetG1beanon-trivialgraphandG2anygraph.Then
δ(G1◦G2)=max{δ(Γ1◦Γ2):ΓiisisometrictoGifori=1,2andΓ1non-trivial}.
Proof.ByLemma1.3.3andProposition3.2.5wehaveδ(G1◦G2)≥δ(Γ1◦Γ2)foranyΓ1,Γ2.
Besides,sinceanygraphisanisometricsubgraphofitselfweobtaintheequalitybytaking
Γ1=G1andΓ2=G2.
Theorem3.2.7.IfG1andG2arenon-trivialgraphs,thenδ(G1◦G2)≥1.
Proof.SinceGiisanon-trivialgraphthereisasubgraphPi2inGiisomorphictoanedge,fori=1,2.Hence,byExample3.2.2andTheorem3.2.6wehaveδ(G1◦G2)≥δ(P12◦P22)=1.
Theorem3.2.8.LetG2beanynon-trivialgraphandG1anygraph.IfdiamV(G1)=2,
thenδ(G1◦G2)≥5/4.IfdiamV(G1)≥3,thenδ(G1◦G2)≥3/2.
Proof.AssumethatdiamV(G1)=2.SinceG2isanon-trivialgraphthereisasubgraph
P2inG2isomorphictoanedge.Besides,sincediamV(G1)=2thenthereisanisometric
subgraphinG1isomorphictoapathP3with3vertices.Example3.2.2andTheorem3.2.6
give5/4=δ(P3◦P2)≤δ(G1◦G2).
IfdiamV(G1)≥3,thenasimilarargumentreplacingP3byP4givesδ(G1◦G2)≥3/2.
Theorem3.2.9.IfG1isanynon-trivialgraphandG2isanygraphwithdiamG2>2,then
δ(G1◦G2)≥5/4.
Proof.SincediamG2≥5/2wehavethatthereexistamidpointx∈J(G2)\V(G2)and
avertexy∈V(G2)suchthatdG2(x,y)=5/2. Hence,byLemma4.1.11wehavethatγ1:={v0}×[xy]isageodesicinG1◦G2joiningthepoints(v0,x)and(v0,y)forsome
v0∈V(G1). Withoutlossofgeneralitywecanassumethat(v0,x)∈[A1,A2]suchthat
A1∈γ1.Denoteitbyγ2:=[(v0,x)A2]∪[A2W]∪[W(v0,y)]whereW ∈V({v1}◦G2)with
[v0,v1]∈E(G1).Therefore,L(γ2)=5/2andγ2isageodesicinG1◦G2joiningthepoints
(v0,x)and(v0,y). NowwehaveageodesicbigonB:={γ1,γ2}inG1◦G2.Ifpisthe
midpointofγ1,thendG1◦G2(p,γ2)=5/4andweconcludethatδ(G1◦G2)≥δ(B)=5/4.
Theorem3.2.10.LetG1beanynon-trivialgraphandG2anygraph.Thenwehaveδ(G1◦
G2)≤δ(G1)+3/2.
Proof.IfG1isnothyperbolic,thenδ(G1)=∞,andso,Theorem3.2.1givestheresult(with
equality). AssumenowthatG1ishyperbolic. ByTheorem1.3.13itsuﬃcestoconsider
geodesictrianglesT={x,y,z}inG1◦G2thatarecycleswithx,y,z∈J(G1◦G2).Let
γ1:=[xy],γ2:=[yz]andγ3:=[zx].ItsuﬃcestoprovethatdG1◦G2(p,γ2∪γ3)≤δ(G1)+3/2foreveryp∈γ1.IfdG1◦G2(p,{x,y})≤3/2,thendG1◦G2(p,γ2∪γ3)≤dG1◦G2(p,{x,y})≤3/2.AssumethatdG1◦G2(p,{x,y})>3/2;thenL(γ1)>3.LetVp:=(v,w)beaclosestvertextopinγ1.Considerthecanonicalprojectionπ:G1◦G2−→G1◦{w}.ByLemma3.1.10,
π(γ1)isageodesicinG1◦{w}joiningthepointsπ(x)andπ(y).
CHAPTER3. GROMOVHYPERBOLICITYINLEXICOGRAPHICPRODUCTGRAPHS46
Ifπ(γ2)andπ(γ3)aregeodesicsinG1◦{w},thenthereisapointα∈π(γ2)∪π(γ3)such
thatdG1◦{w}(Vp,α)≤δ(G1).Assumethatα∈V
(π(γ2)∪π(γ3)).SinceL(γ1)>3andγ2∪γ3
joinsxandy,byLemma3.1.9,π(γ2)∪π(γ3)containsatleastthreevertices;hence,there
existsavertex(vα,w)∈V(π(γ2)∪π(γ3))suchthat[α,(vα,w)]∈E(G1◦{w}).LetVαbea
vertexin({vα}◦G2)∩(γ2∪γ3).Thus,[α,Vα]∈E(G1◦G2)and
dG1◦G2(p,γ2∪γ3)≤dG1◦G2(p,Vp)+dG1◦{w}(Vp,α)+dG1◦G2(α,Vα)≤δ(G1)+3/2.
Ifα/∈V(π(γ2)∪π(γ3)),thenα∈{π(x),π(y)}andαisamidpointinG1◦{w}. Without
lossofgeneralitywecanassumethatα=π(x)and,consequently,xisamidpointinG1◦G2.
LetVxbetheclosestvertextoxinγ2∪γ3andvxtheclosestvertextoπ(x)inπ(γ1).Hence,
[Vx,vx]∈E(G1◦G2),dG1◦{w}(Vp,vx)≤δ(G1)−1/2and
dG1◦G2(p,γ2∪γ3)≤dG1◦G2(p,Vp)+dG1◦{w}(Vp,vx)+dG1◦G2(vx,Vx)≤δ(G1)+1.
Ifπ(γ2)andπ(γ3)arenotgeodesicsinG1◦{w},thenthereisapointα∈[π(x)π(z)]∪
[π(z)π(y)]suchthatdG1◦{w}(Vp,α)≤δ(G1).Noticethat,ifαisnotavertexinG1◦{w}thenwerepeatthepreviousargumentandobtaintheresult.Assumenowthatα∈V([π(x)π(z)]∪
[π(z)π(y)]);bysymmetry,wecanassumethatα∈V([π(x)π(z)]).Ifα∈π(γ2)∪π(γ3),
thenthepreviousargumentgivesdG1◦G2(p,γ2∪γ3)≤ δ(G1)+3/2. Assumenowthatα/∈π(γ2)∪π(γ3).Seekingforacontradictionassumethatthereisnotavertex(vα,w)∈
V(π(γ2)∪π(γ3))suchthat[α,(vα,w)]∈E(G1◦{w}).ThendG1◦{w}(α,V(π(γ2)∪π(γ3)))≥2;hence,dG1◦{w}(α,π(x))≥3/2anddG1◦{w}(α,π(z))≥3/2.However,byCorolary3.1.12wehavedG1◦{w}(π(x),π(z))=dG1◦{w}(π(x),α)+dG1◦{w}(α,π(z))<3,whichisacontradiction.Therefore,thereexistsavertex(vα,w)∈V(π(γ2)∪π(γ3))suchthat[α,(vα,w)]∈E(G1◦
{w}).LetVαbeavertexin({vα}◦G2)∩(γ2∪γ3).Then[α,Vα]∈E(G1◦G2)and
dG1◦G2(p,γ2∪γ3)≤dG1◦G2(p,Vp)+dG1◦{w}(Vp,α)+dG1◦G2(α,Vα)≤δ(G1)+3/2.
Inbothcases,π(γ2)isageodesicinG1◦{w}butπ(γ3)isnotageodesicinG1◦{w},and
π(γ3)isageodesicinG1◦{w}butπ(γ2)isnotageodesicinG1◦{w},asimilarargument
givestheinequality.
Remark3.2.11.LetG1beanyhyperbolicgraphwhichisnotatreeandletG2beanygraph.
TheargumentintheproofofTheorem3.2.10givesthatifδ(G1◦G2)=δ(G1)+3/2thenthere
isageodesictriangleT={x,y,z}withx,y,z∈J(G1◦G2)andamidpointp∈[xy]suchthat
dG1◦G2(p,[xz]∪[zy])=δ(G1)+3/2.Besides,dG1◦{w}(Vp,[π(x)π(z)]∪[π(z)π(y)])=δ(G1)andthedistanceisatainedinavertexα∈[π(x)π(z)]∪[π(z)π(y)].
Example3.2.2andTheorem3.2.20showthattheequalityinTheorem3.2.10isattained.
WeobtainthefolowingconsequenceofTheorem3.2.1andTheorem3.2.10.
Theorem3.2.12.LetG1beanynon-trivialgraphandG2anygraph.Then
δ(G1)≤δ(G1◦G2)≤δ(G1)+3/2.
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Theorems3.2.8and3.2.10havethefolowingconsequence.
Corolary3.2.13.IfG1isanyinﬁnitetreeandG2isanynon-trivialgraph,thenδ(G1◦
G2)=3/2.
Theorem3.2.14.LetG1beanynon-trivialgraphandG2anygraph. Thelexicographic
productG1◦G2ishyperbolicifandonlyifG1ishyperbolic.
Remark3.2.15.ForanygraphGandthetrivialgraphE1,thelexicographicproductgraph
E1◦GishyperbolicifandonlyifGishyperbolic,sinceδ(E1◦G)=δ(G).Thistrivialresult
completesthecharacterizationofhyperboliclexicographicproducts.
ThefolowingresultsalowtocharacterizethegraphsforwhichtheboundinTheorem
3.2.10isattained.
Theorem3.2.16.LetG1beanyhyperbolicgraphandletG2beanygraph.Ifδ(G1◦G2)=
δ(G1)+3/2,thenG1isatree,G2isanon-trivialgraphandδ(G1◦G2)=3/2.
Proof.SeekingforacontradictionassumethatG1isnotatree(i.e.,δ(G1)> 0). By
hypothesisG1◦G2ishyperbolic,thus,Theorem1.3.13andRemark3.2.11givethatthere
isageodesictriangleT={x,y,z}inG1◦G2thatisacyclewithx,y,z∈J(G1◦G2)anda
midpointp∈[xy]suchthatdG1◦G2(p,[xz]∪[zy])=δ(G1)+3/2.LetVp:=(v,w)beaclosestvertextopin[xy]∩V(G1◦G2)asintheproofofTheorem3.2.10,i.e.,dG1◦{w}(Vp,[π(x)π(z)]∪[π(z)π(y)])=δ(G1)withπthecanonicalprojectiononG1◦{w};besides,thisequalityis
attainedinavertexα∈[π(x)π(z)]∪[π(z)π(y)].Notethatδ(G1)isanintegernumbersince
itisthedistancebetweentwovertices.Sinceδ(G1)>0,wehaveδ(G1)≥1.LetV′pbethevertexinT∩V(G1◦G2)suchthat[Vp,V′p]istheedgeinG1◦G2withp∈[Vp,V′p].SincedG1◦G2(p,{x,y})≥dG1◦G2(p,[xz]∪[zy])=δ(G1)+3/2,thereexista,b∈[xy]∩V(G1◦G2)withdG1◦G2(a,p)=dG1◦G2(b,p)=3/2anddG1◦G2(a,b)=3.Ifπ(Vp)=π(V′p),thendG1◦{w}(π(a),π(b))=2.ThiscontradictsLemma3.1.4,andso,wehaveπ(Vp)̸=π(V′p)andπ(Vp)̸=π(p)̸=π(V′p).IfdG1◦{w}(π(p),[π(x)π(z)]∪[π(z)π(y)])=dG1◦{w}(Vp,[π(x)π(z)]∪[π(z)π(y)])=δ(G1)≥1,thensinceπ(Vp)̸=π(p)weobtainthatdG1◦{w}(ξ,[π(x)π(z)]∪[π(z)π(y)])=δ(G1)+1/4whereξisthemidpointof[π(p)Vp].Butthisisacontradiction
sincedG1◦{w}(ξ,[π(x)π(z)]∪[π(z)π(y)])≤δ(G1). ThenwehavedG1◦{w}(π(p),[π(x)π(z)]∪[π(z)π(y)])<dG1◦{w}(Vp,[π(x)π(z)]∪[π(z)π(y)])=δ(G1);hence,dG1◦{w}(π(p),[π(x)π(z)]∪[π(z)π(y)])=δ(G1)−1/2anddG1◦{w}(π(V′p),[π(x)π(z)]∪[π(z)π(y)])=δ(G1)−1. WecanrepeatthesameargumentintheproofofTheorem3.2.10forV′pinsteadofVp,andweobtaindG1◦G2(p,[xz]∪[zy])≤δ(G1)+1/2.ThisisthecontradictionwewerelookingforandG1isatree.
Hence,δ(G1◦G2)=3/2.IfG2isatrivialgraph,then3/2=δ(G1◦G2)=δ(G1)=0,
whichisacontradiction.Therefore,G2isanon-trivialgraph.
Theorem3.2.20belowisaconverseofTheorem3.2.16;furthermore,itprovidestheexact
valueofthehyperbolicityconstantofthelexicographicproductofmanytreesandgraphs.
Weneedsomelemmas.
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Lemma3.2.17.LetG1beanytreewith1≤ diamG1≤ 2andG2anygraph. Then
δ(G1◦G2)=3/2ifandonlyifthereisageodesictriangleT={x,y,z}inG1◦G2thatis
acyclecontainedin{v0}◦G2forsomev0∈V(G1)withx,y,z∈J({v0}◦G2)andavertex
p∈[xy]suchthatdG1◦G2(p,[xz]∪[zy])=dG1◦G2(p,x)=dG1◦G2(p,y)=3/2.
Proof.Assumeﬁrstthatδ(G1◦G2)=3/2.ByTheorem1.3.13thereexistsageodesictriangle
T={x,y,z}inG1◦G2thatisacyclewithx,y,z∈J(G1◦G2)andapointp∈[xy]suchthat
δ(T)=dG1◦G2(p,[yz]∪[zx])=3/2. Thus,dG1◦G2(p,{x,y})≥dG1◦G2(p,[xz]∪[zy])=3/2andL([xy])≥3.
AssumethatdiamG1=2(thecasediamG1=1issimilarandsimpler). Weshownow
thatdiamG1◦G2=3. NotethatdiamG1◦G2≥L([xy])≥3.LetA,B∈V(G1◦G2).
Ifπ(A) =π(B),thenbyLemma3.1.4wehavedG1◦G2(A,B)≤ 2. Ifπ(A)≠ π(B),thenbyLemma3.1.4wehavedG1◦G2(A,B)≤ 2sincethatdiamG1 =2. Therefore,diamV(G1◦G2)=2anddiamG1◦G2≤3.Consequently,diamG1◦G2=3,L([xy])=3
anddG1◦G2(p,x)=dG1◦G2(p,y)=3/2. Noticethatx,yaremidpointsofG1◦G2andpavertexofG1◦G2.
Assumenowthatx∈{v0}◦G2forsomev0∈V(G1)andy/∈{v0}◦G2,wherex∈[A1,A2]
andy∈[B1,B2]withA1,B1∈[xy];thendG1◦G2(A1,B1)=2sincethatL([xy])=3.NotethatA1∈{v0}×V(G2)andB1∈{w0}×V(G2)withdG1(v0,w0)=2. Wehavethat[xy]∩([yz]∪[zx])={x,y}sinceTisacycle. Hence,A2,B2∈V([yz]∪[zx])and
dG1◦G2(p,[yz]∪[zx])=dG1◦G2(p,{A2,B2})=1sincepisavertex,andthisisacontradiction.Ify∈{v0}◦G2forsomev0∈V(G1)andx/∈{v0}◦G2,thenthesameargumentgivesa
contradiction.Ifx,y/∈∪v0∈V(G1){v0}◦G2,thenonecancheckthatdG1◦G2(x,y)≤2,whichisacontradiction.Hence,weconcludethatx,y∈{v0}◦G2forsomev0∈V(G1). Wealso
havep∈{v0}◦G2andweconcludethat[xy]iscontainedin{v0}◦G2.If[yz]∪[zx]isnot
containedin{v0}◦G2,thenthereisavertexW ∈[yz]∪[zx]suchthatW ∈{w0}◦G2and
dG1(v0,w0)=1.Hence,dG1◦G2(p,W)=1,whichisacontradiction.ThenTiscontainedin{v0}◦G2.
ItiseasytocheckthatifthereexistssuchageodesictriangleT,thenδ(G1◦G2)≥
δ(T)≥3/2.Theorem3.2.10alowstoconcludeδ(G1◦G2)=3/2.
Foranynon-emptysetS⊂V(G),theinducedsubgraphofSwilbedenotedby⟨S⟩.
Lemma3.2.18.LetGbeanygraph.ThenG∈Fifandonlyifthereisageodesictriangle
T={x,y,z}inGthatisacyclewithx,y,z∈J(G),L([xy]),L([yz]),L([zx])≤3and
δ(T)=3/2=dG(p,[yz]∪[zx])wherep∈[xy]∩V(G).
Proof.AssumeﬁrstthatthereisageodesictriangleT={x,y,z}inGthatisacyclewith
x,y,z∈J(G),L([xy]),L([yz]),L([zx])≤3andδ(T)=3/2=dG(p,[yz]∪[zx])forsome
p∈[xy].SincedG(p,{x,y})≥dG(p,[yz]∪[zx])=3/2,wehaveL([xy])=3andpisthe
midpointof[xy].SinceL([yz])≤3,L([zx])≤3andL([yz])+L([zx])≥L([xy]),wehave
6≤L(T)≤9.
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AssumenowthatL(T)=6. Denoteby{v1,...,v6}theverticesinTsuchthatT=∪6
i=1[vi,vi+1]withv7:=v1. Withoutlossofgeneralitywecanassumethatx∈[v1,v2],y∈[v4,v5]andp=v3.SincedG(x,y)=3,wehavethat⟨{v1,...,v6}⟩containsneither[v1,v4],
[v1,v5],[v2,v4]nor[v2,v5];besides,sincedG(p,[yz]∪[zx])>1wehavethat⟨{v1,...,v6}⟩
containsneither[v3,v1],[v3,v5]nor[v3,v6]. Notethat[v2,v6],[v4,v6]maybecontainedin
⟨{v1,...,v6}⟩.Therefore,G∈F6.
AssumethatL(T)=7andG/∈F6. Denoteby{v1,...,v7}theverticesinTsuch
thatT= ∪7i=1[vi,vi+1]withv8:=v1. Withoutlossofgeneralitywecanassumethatx∈[v1,v2],y∈[v4,v5]andp=v3.SincedG(x,y)=3,wehavethat⟨{v1,...,v7}⟩contains
neither[v1,v4],[v1,v5],[v2,v4]nor[v2,v5];besides,sincedG(p,[yz]∪[zx])>1wehavethat
⟨{v1,...,v7}⟩containsneither[v3,v1],[v3,v5],[v3,v6]nor[v3,v7].SinceG/∈F6,[v1,v6]and
[v5,v7]arenotcontainedin⟨{v1,...,v7}⟩.Notethat[v2,v6],[v2,v7],[v4,v6],[v4,v7]maybe
containedin⟨{v1,...,v7}⟩.Hence,G∈F7.
AssumethatL(T)=8andG/∈F6∪F7. Denoteby{v1,...,v8}theverticesinT
suchthatT=∪8i=1[vi,vi+1]withv9:=v1. Withoutlossofgeneralitywecanassumethatx∈[v1,v2],y∈[v4,v5]andp=v3.SincedG(x,y)=3,wehavethat⟨{v1,...,v8}⟩contains
neither[v1,v4],[v1,v5],[v2,v4]nor[v2,v5];besides,sincedG(p,[yz]∪[zx])>1wehavethat
⟨{v1,...,v8}⟩containsneither[v3,v1],[v3,v5],[v3,v6],[v3,v7]nor[v3,v8].SinceG/∈F6∪F7,
[v1,v6],[v1,v7],[v5,v7],[v5,v8]and[v6,v8]arenotcontainedin⟨{v1,...,v8}⟩.SinceTisa
geodesictrianglewehavethatz∈{v6,7,v7,v7,8}withv6,7andv7,8themidpointsof[v6,v7]
and[v7,v8],respectively.Ifz=v7then⟨{v1,...,v8}⟩containsneither[v2,v7]nor[v4,v7].
Notethat[v2,v6],[v2,v8],[v4,v6],[v4,v8]maybecontainedin⟨{v1,...,v8}⟩.Ifz=v6,7then
⟨{v1,...,v8}⟩containsneither[v2,v6]nor[v2,v7].Notethat[v2,v8],[v4,v6],[v4,v7],[v4,v8]
maybecontainedin⟨{v1,...,v8}⟩.Bysymmetry,weobtainanequivalentresultforz=v7,8.
Therefore,G∈F8.
AssumethatL(T)=9andG/∈F6∪F7∪F8.Denoteby{v1,...,v9}theverticesinT
suchthatT=∪9i=1[vi,vi+1]withv10:=v1. Withoutlossofgeneralitywecanassumethatx∈[v1,v2],y∈[v4,v5]andp=v3.SincedG(x,y)=3,wehavethat⟨{v1,...,v9}⟩contains
neither[v1,v4],[v1,v5],[v2,v4]nor[v2,v5];besides,sincedG(p,[yz]∪[zx])>1wehavethat
⟨{v1,...,v9}⟩containsneither[v3,v1],[v3,v5],[v3,v6],[v3,v7],[v3,v8]nor[v3,v9].SinceTis
ageodesictrianglewehavethatzisthemidpointof[v7,v8].SincedG(y,z)=dG(z,x)=3,
wehavethat⟨{v1,...,v9}⟩containsneither[v1,v7],[v1,v8],[v2,v7],[v2,v8],[v4,v7],[v4,v8],
[v5,v7]nor[v5,v8].SinceG/∈F6∪F7∪F8,[v1,v6],[v5,v9],[v6,v8],[v6,v9]and[v7,v9]are
notcontainedin⟨{v1,...,v9}⟩.Notethat[v2,v6],[v2,v9],[v4,v6],[v4,v9]maybecontained
in⟨{v1,...,v9}⟩.Hence,G∈F9.
Therefore,inanycaseG∈F.
ThepreviousargumentalsoshowsthatifG∈F,thenthereisageodesictrianglewith
therequiredproperties.
Corolary3.2.19.LetGbeanygraph. ThenG∈Fifandonlyifthereisageodesic
triangleT={x,y,z}inGwithx,y,z∈J(G),L([xy]),L([yz]),L([zx])≤3andδ(T)=
3/2=dG(p,[yz]∪[zx])forsomep∈[xy]∩V(G).
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Proof.AssumethatthereisageodesictriangleT={x,y,z}inGwithx,y,z∈J(G),
L([xy]),L([yz]),L([zx])≤3andδ(T)=3/2=dG(p,[yz]∪[zx])forsomep∈[xy]∩V(G).
SinceL([xy])≤3anddG(p,[yz]∪[zx])=3/2,wededucethatL([xy])=3and[xy]∩([yz]∪
[zx])={x,y}.LetΓbethesetofcurvesjoiningxandy,andcontainedin[yz]∪[zx].If
γ∈ΓsatisﬁesL(γ)≤L(g)foreveryg∈Γ,then[xy]∪γisacycleandγ∩[yz]∩[zx]isa
singlepoint.Ifz′:=γ∩[yz]∩[zx],thenγ=[yz′]∪[z′x],z′∈J(G),L([yz′])≤L([yz])≤3,
L([z′x])≤L([zx])≤3,T′={x,y,z′}isacycleandδ(T′)=3/2=dG(p,[yz′]∪[z′x]).Since
wehaveconstructedageodesictriangleT′thatisacyclefromTverifyingthepropertiesof
T,Lemma3.2.18givestheresult.
Theorem3.2.16andthefolowingresultcharacterizethegraphsforwhichtheboundin
Theorem3.2.10isattained.
Theorem3.2.20.LetG1beanytreeandG2anynon-trivialgraph.
(1) IfdiamG1≥3,thenδ(G1◦G2)=3/2.
(2) If1≤diamG1≤2,thenδ(G1◦G2)=3/2ifandonlyifG2∈F.
(3) IfG1istrivial,thenδ(G1◦G2)=3/2ifandonlyifδ(G2)=3/2.
Proof.IfdiamG1≥3,thenTheorems3.2.8and3.2.10givetheresultsincethatδ(G1)=0.
Inordertoprove(2),byLemma3.2.17,wehavethatδ(G1◦G2)=3/2ifandonlyif
thereisageodesictriangleT={x,y,z}inG1◦G2thatisacyclecontainedin{v}◦G2for
somev∈V(G1)withx,y,z∈J({v}◦G2)andavertexp∈[xy]suchthatdG1◦G2(p,[xz]∪[zy])=dG1◦G2(p,x)=dG1◦G2(p,y)=3/2. ByLemma3.1.4,diamV(G1◦G2)=2,hence,L([yz]),L([zx])≤3andx,yaremidpointswithL([xy])=3.Hence,byLemma3.2.18we
havethatδ(G1◦G2)=3/2ifandonlyif{v}◦G2∈Fandso,Remark3.1.3givesthatthis
isequivalenttoG2∈F.
Finaly,ifG1istrivial,thenRemark3.1.3givestheresult.
Thefolowingresultalowstocompute,inasimpleway,thehyperbolicityconstantof
thelexicographicproductofanytreeandanygraph.
Theorem3.2.21.LetG1beanytreeandG2anygraph.Then
δ(G1◦G2)=


δ(G2), ifG1≃E1,
0, ifG2≃E1,
1, ifdiamG1=1 and 1≤diamG2≤2,
5/4, ifdiamG1=1 and diamG2>2 and G2/∈F,
5/4, ifdiamG1=2 and diamG2≥1 and G2/∈F,
3/2, if1≤diamG1≤2 and G2∈F,
3/2, ifdiamG1≥3 and diamG2≥1.
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Proof.IfG1≃E1orG2≃E1,thenwehavetheresultbyRemark3.1.3.
IfdiamG1=1and1≤diamG2≤2,thenTheorems1.3.12,3.2.7,3.2.10and3.2.20
giveδ(G1◦G2)∈{1,5/4}sinceG2/∈F.Seekingforacontradictionwecanassumethat
δ(G1◦G2)=5/4. ThenbyTheorem1.3.13thereisageodesictriangleT={x,y,z}in
G1◦G2thatisacyclewithx,y,z∈J(G1◦G2)andapointp∈[xy]suchthatδ(T)=
dG1◦G2(p,[yz]∪[zx])=5/4.Thus,dG1◦G2(p,{x,y})≥dG1◦G2(p,[xz]∪[zy])=5/4,L([xy])≥5/2andx,y∈{v}◦G2forsomev∈V(G1)sincediamG1=1.Thisisacontradictionsince
diamG2≤2andweconcludethatδ(G1◦G2)=1.
IfdiamG1=1anddiamG2>2ordiamG1=2anddiamG2≥1,thenTheorems1.3.12,
3.2.8,3.2.9and3.2.10giveδ(G1◦G2)∈{5/4,3/2}.Finaly,sinceG2/∈F,Theorem3.2.20
givesδ(G1◦G2)̸=3/2andwehaveδ(G1◦G2)=5/4.
If1≤diamG1≤2andG2∈FordiamG1≥3anddiamG2≥1,thenwehavethe
resultbyTheorem3.2.20.
Corolary3.2.22.LetG1,G2beanytrees.Then
δ(G1◦G2)=


0, ifG1≃E1 or G2≃E1,
1, ifdiamG1=1 and 1≤diamG2≤2,
5/4, ifdiamG1=1 and diamG2≥3,
5/4, ifdiamG1=2 and diamG2≥1,
3/2, ifdiamG1≥3 and diamG2≥1.
Corolary3.2.23.LetPn,Pm betwopathgraphs.Then
δ(Pn◦Pm)=


0, ifn=1 or m=1,
1, ifn=2 and m=2,3,
5/4, ifn=2 and m≥4 or n=3 and m≥2,
3/2, ifn≥4 and m≥2.

Chapter4
Gromovhyperbolicityinthe
Cartesiansumofgraphs
TheCartesiansumofgraphshasbeenextensivelyinvestigatedinrelationtoawiderange
ofsubjects(see,e.g.,[40,80,89,108,112]andthereferencestherein).Thisnotionofgraph
productwasintroducedbyOre[89]. TheCartesiansumisalsoknownasthedisjunctive
product[108].
4.1 DistanceintheCartesiansumgraphs
InordertoestimatethehyperbolicityconstantoftheCartesiansumoftwographsG1⊕G2,
wewilneedboundsforthedistancebetweentwoarbitrarypoints. Wewilusethedeﬁnition
givenin[45].
Deﬁnition4.1.1. LetG1=(V(G1),E(G1))andG2=(V(G2),E(G2))betwographs.
TheCartesiansumG1⊕G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothattwo
distinctvertices(u1,v1)and(u2,v2)ofG1⊕G2areadjacentifeither[u1,u2]∈E(G1)or
[v1,v2]∈E(G2).
Fromthedeﬁnition,itfolowsthattheCartesiansumoftwographsiscommutative,i.e.,
G1⊕G2≃G2⊕G1.
Hence,theconclusionofanyresultinthisChapterwithsome“non-symmetric”hypoth-
esisalsoholdsifwereplaceG1byG2andG2byG1(see,e.g.,Lemmas4.1.10,4.1.11and
4.1.12).
Weusethenotation(x,y)forthepointsofthegraphG1⊕G2ifx∈V(G1)ory∈V(G2).
Otherwise,thisnotationcanbeambiguous.
Remark4.1.2.TheCartesian,strongandlexicographicproductsoftwographsaresubgraphs
oftheCartesiansumproductoftwographs,i.e.,G1 G2⊆G1⊠G2⊆G1◦G2⊆G1⊕G2.
Remark4.1.3.ForanygraphGwehaveE1⊕G≃G⊕E1≃G.
53
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Remark4.1.4. LetGbeanygraphandKnthecompletegraphwithnvertices. Then
G⊕Kn≃Kn⊕G≃Kn◦G.NotethatKn⊕Km≃Knm.
ThefolowingresultalowstocomputethedistancebetweenanytwopointsinG1⊕G2.
Furthermore,thisresultprovidesinformationaboutthegeodesicsintheCartesiansum.
Proposition4.1.5.Foreverynon-trivialgraphsG1,G2wehave:
(a)Letx1,x2∈V(G1⊕G2)wherex1=(u1,v1)andx2=(u2,v2).Then
dG1⊕G2(x1,x2)=


0, ifx1=x2,
1, if[u1,u2]∈E(G1) or [v1,v2]∈E(G2),
2, if[u1,u2]/∈E(G1) and [v1,v2]/∈E(G2).
(b)Letx1∈V(G1⊕G2),x2/∈V(G1⊕G2)wherex1=(u1,v1),x2∈[(A1,B1),(A2,B2)]
with
dG1⊕G2((A1,B1),x2)≤1/2.Then
dG1⊕G2(x1,x2)≤
{3/2, if[u1,A1]∈E(G1) or [v1,B1]∈E(G2),
5/2, if[u1,A1]/∈E(G1) and [v1,B1]/∈E(G2).
(c)dG1⊕G2(x1,x2)≤3foreveryx1,x2∈G1⊕G2.
Proof.Inordertoprove(a),if[u1,u2]∈E(G1)or[v1,v2]∈E(G2),thenDeﬁnition4.1.1
givesdG1⊕G2(x1,x2)=1.If[u1,u2]/∈E(G1)and[v1,v2]/∈E(G2)thenthereexistu3∈V(G1)\{u1,u2},v3∈V(G2)\{v1,v2}with[u1,u3]∈E(G1)and[v2,v3]∈E(G2);thus
x3:=(u3,v3)∈V(G1⊕G2)anddG1⊕G2(x1,x2)≤dG1⊕G2(x1,x3)+dG1⊕G2(x3,x2)=2byDeﬁnition4.1.1;butdG1⊕G2(x1,x2)≥2sincethat[u1,u2]/∈E(G1)and[v1,v2]/∈E(G2).Hence,dG1⊕G2(x1,x2)=2.Inordertoprove(b),assumeﬁrstthat[u1,A1]∈E(G1)or[v1,B1]∈E(G2). Then
dG1⊕G2(x1,x2)≤dG1⊕G2(x1,(A1,B1))+dG1⊕G2((A1,B1),x2)≤3/2byDeﬁnition4.1.1.As-sumenowthat[u1,A1]/∈E(G1)and[v1,B1]/∈E(G2).Then,
dG1⊕G2(x1,x2)≤dG1⊕G2(x1,(A1,B1))+dG1⊕G2((A1,B1),x2)≤2+dG1⊕G2((A1,B1),x2)≤5/2.
Inordertoprove(c),letusconsiderX1,X2∈V(G1⊕G2)suchthatdG1⊕G2(x1,X1)≤1/2anddG1⊕G2(x2,X2)≤1/2.Then,
dG1⊕G2(x1,x2)≤dG1⊕G2(x1,X1)+dG1⊕G2(X1,X2)+dG1⊕G2(X2,x2)≤3
sincedG1⊕G2(X1,X2)≤2byitem(a).
Proposition4.1.5givesthefolowingresult.
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Proposition4.1.6.LetG1,G2betwonon-trivialgraphsandletΓ1,Γ2beisometricsub-
graphsofG1andG2,respectively.IfΓ1andΓ2arenon-trivialgraphs,thenΓ1⊕Γ2isan
isometricsubgraphofG1⊕G2.
NotethattakingΓ1asatrivialgraph,Γ1⊕Γ2≃Γ2isnotanisometricsubgraphof
G1⊕G2ifdiamV(Γ2)≥3.
Proof.SinceΓ1⊕Γ2isasubgraphofG1⊕G2,wehavedΓ1⊕Γ2(x,y)≥dG1◦G2(x,y)foreveryx,y∈Γ1⊕Γ2.Letx,ybeanypointsofΓ1⊕Γ2.Ifx,y∈V(Γ1⊕Γ2)thenProposition4.1.5
givesdG1⊕G2(x,y)=dΓ1⊕Γ2(x,y)andweobtaintheresult. Otherwise,letA1,A2,B1,B2∈V(Γ1⊕Γ2)withx∈[A1,A2],y∈[B1,B2](itispossibletohavexoryinV(Γ1⊕Γ2)).
ConsiderageodesicγinG1⊕G2joiningxandywithγ:=[xAi]∪[AiBj]∪[Bjy]forsome
i,j∈{1,2}.Then
dΓ1⊕Γ2(x,y)≤dΓ1⊕Γ2(x,Ai)+dΓ1⊕Γ2(Ai,Bj)+dΓ1⊕Γ2(Bj,y)=dG1⊕G2(x,y).
Thus,dG1⊕G2(x,y)=dΓ1⊕Γ2(x,y).
ThefolowingresultalowstocomputethediameterofthesetofverticesintheCartesian
sumoftwographs.
Proposition4.1.7.Foreverynon-trivialgraphsG1,G2wehave1≤diamV(G1⊕G2)≤2.
Furthermore,diamV(G1⊕G2)=1ifandonlyifG1andG2arecompletegraphs.
Proof.SinceG1⊕G2isanon-trivialgraph,diamV(G1⊕G2)≥1.Besides,ifu,v∈V(G1⊕
G2),thenbyProposition4.1.5wehavethatdG1⊕G2(u,v)≤2anddiamV(G1⊕G2)≤2.Finaly,onecancheckthatG1⊕G2isacompletegraphifandonlyifG1andG2are
completegraphs.
SincediamV(G)≤diamG≤diamV(G)+1foreverygraphG,thepreviousproposition
hasthefolowingconsequence.
Corolary4.1.8.Foreverynon-trivialgraphsG1,G2wehave1≤diamG1⊕G2≤3.
Proposition4.1.5givesthefolowingresult. GivenagraphG,wesaythatx∈Gisa
midpoint(ofanedge)ifdG(x,V(G))=1/2.
Corolary4.1.9.LetG1,G2beanynon-trivialgraphs.IfdG1⊕G2(x,y)=3,thenx,yaremidpointsinG1⊕G2.
Lemma4.1.10.LetG1,G2beanynon-trivialgraphs.ThenG1⊕G2⊆V3/2(G1⊕{v})for
everyv∈V(G2).
CHAPTER4. GROMOVHYPERBOLICITYINTHECARTESIANSUMOFGRAPHS56
Proof.LetpbeanypointofG1⊕G2andv∈V(G2).Ifp∈V(G1⊕G2),thenDeﬁnition4.1.1
givesthatthereexistsavertexu0∈V(G1⊕{v})suchthat[p,u0]∈E(G1⊕G2)sinceG1is
non-trivial.Assumethatp/∈V(G1⊕G2).LetA∈V(G1⊕G2)withdG1⊕G2(p,A)≤1/2.Hence,wehave
dG1⊕G2(p,G1⊕{v})≤dG1⊕G2(p,A)+dG1⊕G2(A,G1⊕{v})≤3/2.
Lemma4.1.11.LetG1,G2beanygraphs.Lety1,y2beanypointsinG2withdG2(y1,y2)≤5/2andx0anyﬁxedvertexinG1.Thenγ:={x0}×[y1y2]isageodesicinG1⊕G2joining
thepoints(x0,y1)and(x0,y2).
Proof.IfG1isthetrivialgraph,thenG1⊕G2≃G2andwehavetheresult.Assumethat
G1isanon-trivialgraph.Seekingforacontradictionassumethatγisnotageodesicin
G1⊕G2.Therefore,thereisageodesicΓinG1⊕G2joining(x0,y1)and(x0,y2)whichis
notcontainedin{x0}⊕G2.Hence,ΓhasavertexAoutsideof{x0}⊕G2;thus,wehave
2≤L(Γ)<L(γ)≤5/2. Wehave
Γ=[(x0,y1)(x0,B1)]∪[(x0,B1),A]∪[A,(x0,B2)]∪[(x0,B2)(x0,y2)],
whereBiisaclosestvertextoyiinG2,fori=1,2.Sinceγ∪ΓcontainsacycleCwith
(x0,B1),(x0,B2)∈CandL(γ)+L(Γ)<5wehaveL(C)≤4anddG2(B1,B2)≤2.Thenweobtain
dG2(y1,y2)≤dG2(y1,B1)+dG2(B1,B2)+dG2(B2,y2)
≤dG2(y1,B1)+2+dG2(B2,y2)=L(Γ)<L(γ)=dG2(y1,y2).
Thisisthecontradictionwewerelookingfor,andso,γisageodesicinG1⊕G2.
Lemma4.1.12.LetG1,G2beanygraphs.Lety1,y2betwomidpointsinG2with
dG2(y1,y2)=3andx0anyﬁxedvertexinG1.Then{x0}×[y1y2]isageodesicinG1⊕G2joining(x0,y1)and(x0,y2).
Proof.Seekingforacontradictionassumethat{x0}×[y1y2]isnotageodesicinG1⊕G2.
LetΓbeageodesicinG1⊕G2joining(x0,y1)and(x0,y2)(i.e.,L(Γ)<L({x0}×[y1y2])=3).
Then,Γisnotcontainedin{x0}⊕G2andthereexistsv∈V(Γ)suchthatv/∈V({x0}⊕G2).
Hence,Γ=[(x0,y1)v]∪[v(x0,y2)]andweconcludeL(Γ)≥3.Thisisthecontradictionwe
werelookingfor.
4.2 HyperbolicityconstantintheCartesiansumgraphs
InthissectionweobtainsomeboundsforthehyperbolicityconstantoftheCartesiansum
ofgraphs.TheseboundsalowtoprovethattheCartesiansumisalwayshyperbolicwitha
smalhyperbolicityconstant,exceptifG1orG2isthetrivialgraph.
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Theorem4.2.1.Foreverynon-trivialgraphsG1,G2,wehave
δ(G1⊕G2)=max{δ(Γ1⊕Γ2):ΓiisanisometricsubgraphofGiandΓi
isnon-trivialfori=1,2}.
Proof.ByProposition4.1.6andLemma1.3.3wehaveδ(G1⊕G2)≥δ(Γ1⊕Γ2)forany
isometricsubgraphΓiofGiwithΓinon-trivialfori=1,2.Besides,sinceanygraphisan
isometricsubgraphofitselfweobtaintheequalitybytakingΓ1=G1andΓ2=G2.
ThefolowingresultcharacterizesthehyperbolicCartesiansums.
Theorem4.2.2.LetG1andG2beanygraphs.
(1) IfG1isatrivialgraph,thentheCartesiansumG1⊕G2ishyperbolicifandonlyif
G2ishyperbolic.Furthermore,
δ(G1⊕G2)=δ(G2).
(2) IfG2isatrivialgraph,thentheCartesiansumG1⊕G2ishyperbolicifandonlyif
G1ishyperbolic.Furthermore,
δ(G1⊕G2)=δ(G1).
(3) Foreverynon-trivialgraphsG1,G2theCartesiansumG1⊕G2ishyperbolicwith
1≤δ(G1⊕G2)≤3/2.
Furthermore,thehyperbolicityconstantδ(G1⊕G2)belongsto{1,5/4,3/2}.
Proof.SinceE1⊕G≃G⊕E1≃GforanygraphG,theCartesiansumofE1⊕Gand
G⊕E1arehyperbolicifandonlyifGishyperbolic.
AssumenowthatG1andG2arenon-trivialgraphs.Thus,thereisasubgraphPi2inGiisomorphictoanedge,fori=1,2. Hence,byTheorem4.2.1andExample4.2.4wehave
δ(G1⊕G2)≥δ(P12⊕P22)=1.Corolary4.1.8givesdiamG1⊕G2≤diamV(G1⊕G2)+1≤3andbyLemma1.3.7wehavethatδ(G1⊕G2)≤3/2.Theotherstatementisconsequence
ofTheorem1.3.12.
Theorems4.2.6and4.2.7showthattheinequalitiesinTheorem4.2.2areattainedfor
manygraphs.
ThefolowingresultsgivethehyperbolicityconstantofsomeCartesiansumofgraphs.
TheﬁrstandsecondexamplesaredirectconsequencesofRemark4.1.4,[27,Theorem3.24
andCorolary3.25].
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Example4.2.3.LetCnbethecyclegraphwithn≥3.Then
δ(Cn⊕P2)=


1, ifn=3,4
5/4, ifn=5 or n≥10,
3/2, ifn=6,7,8,9.
Example4.2.4.LetGbeanytree.Then
δ(G⊕P2)=


0, ifG≃E1,
1, if1≤diamG≤2,
5/4, ifdiamG≥3.
Example4.2.5.LetKm,Knbethecompletegraphswithm,nvertices,respectively,and
mn≥4.ThenKm⊕KnisisomorphictoKmn andδ(Km⊕Kn)=1.
Inwhatfolowswedenotebyπitheprojectionπi:V(G1⊕G2)→V(Gi)fori∈{1,2}.
Theorem4.2.6.LetG1,G2beanygraphs. Thenδ(G1⊕G2)=1ifandonlyifwehave
either:
(1) G1istrivialandδ(G2)=1,
(2) G2istrivialandδ(G1)=1,
(3) 1≤diamG1≤2and1≤diamG2≤2.
Proof.IfG1(respectively,G2)istrivial,thenG1⊕G2≃G2(respectively,G1⊕G2≃G1)
andδ(G1⊕G2)=1ifandonlyif(1)holds(respectively,(2)holds).
AssumenowthatG1andG2arenon-trivialgraphs.Thus,diamG1≥1anddiamG2≥1.
Seekingforacontradictionassumethatδ(G1⊕G2)=1anddiamG1>2ordiamG2>2.By
symmetrywecanassumethatdiamG1>2.SincediamG1≥5/2,thereexistx0,x1∈J(G1)
suchthatdG1(x0,x1)=5/2.Fixy0∈V(G2).Lemma4.1.11givesthatγ1:=[x0x1]×{y0}isageodesicinG1⊕G2joiningthepoints(x0,y0)and(x1,y0). Nowweshowageodesic
bigonBinG1⊕G2withδ(B)=5/4. Withoutlossofgeneralitywecanassumethatthere
existA1,A2∈V(G1⊕{y0})suchthat(x0,y0),A1∈V(γ1)and(x1,y0)isthemidpointof
[A1,A2].SinceG2isnon-trivial,thereexistsy1∈V(G2)suchthatdG2(y0,y1)=1. FixA3∈V(G1⊕{y1})anddeﬁneB:={γ1,γ2}with
γ2:=[(x0,y0),A3]∪[A3,A2]∪[A2(x1,y0)].
Ifpisthemidpointofγ1,thenδ(B)=dG1⊕G2
(p,γ2)=5/4andwehave1=δ(G1⊕G2)≥
δ(B)=5/4,whichisacontradiction.Therefore,(3)holds.
Finaly,assumethat(3)holds. WearegoingtoprovethatdiamG1⊕G2=2.Seeking
foracontradictionassumethatthereexistu∈V(G1⊕G2),[v,w]∈E(G1⊕G2)with
dG1⊕G2(u,[v,w])=2. Wehavethreecases.
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Firstcase:π1(v)=π1(w).Then[π2(v),π2(w)]∈E(G2)andProposition4.1.5gives
dG2(π2(u),[π2(v),π2(w)])=2sincedG1⊕G2(u,[v,w])=2,whichisacontradictionsincethatdiamG2≤2.
Secondcase:dG1(π1(v),π1(w))=1.Proposition4.1.5givesdG1(π1(u),[π1(v),π1(w)])=2since
dG1⊕G2(u,[v,w])=2,whichcontradictsdiamG1≤2.Thirdcase:dG1(π1(v),π1(w))=2. Thus,dG2(π2(v),π2(w))=1andProposition4.1.5gives
dG2(π2(u),[π2(v),π2(v)])=2sincedG1⊕G2(u,[v,w])=2,whichisnotpossiblesincethatdiamG2≤2.
Thus,weconcludethatdiamG1⊕G2=2andLemma1.3.7andTheorem4.2.2give
δ(G1⊕G2)=1.
Notethatif1≤diamG≤2,thenGisisomorphictoacompletegraphK2orK3,orit
veriﬁesdiamG=2.
Theorem4.2.7.LetG1,G2beanygraphs.IfdiamV(Gi)≥3fori∈{1,2},thenδ(G1⊕
G2)=3/2.
Proof.SincediamV(Gi)≥3,thereisanisometricsubgraphinGiisomorphictoapath
graphPi4with4verticesfori∈{1,2};denoteby{vi1,vi2,vi3,vi4}theverticesofPi4with[vij,vij+1]∈E(Pi4)fori∈{1,2}and1≤j≤3.NowweshowageodesicbigonBinP14⊕P24withδ(B)=3/2.Letxandybethemidpointsof[(v11,v21),(v12,v21)]and[(v14,v23),(v14,v24)],respectively.Hence,Proposition4.1.5givesdP14⊕P24(x,y)=3.DeﬁneB:={γ1,γ2}with
γ1:=[x(v12,v21)]∪[(v12,v21),(v11,v24)]∪[(v11,v24),(v14,v23)]∪[(v14,v23)y]
and
γ2:=[x(v11,v21)]∪[(v11,v21),(v13,v22)]∪[(v13,v22),(v14,v24)]∪[(v14,v24)y].
Ifpisthemidpointofγ1,thendP14⊕P24
(p,γ2)=3/2andwehaveδ(P14⊕P24)≥δ(B)=3/2.
Thus,Theorems4.2.1and4.2.2give3/2≤δ(P14⊕P24)≤δ(G1⊕G2)≤3/2andweconcludethatδ(G1⊕G2)=3/2.
Wehavethefolowingdirectconsequence.
Corolary4.2.8.ForeveryinﬁnitegraphsG1,G2wehaveδ(G1⊕G2)=3/2.
Lemma4.2.9.LetG1,G2beanygraphs.IfdiamV(G1)≤2,thenδ(G1⊕G2)≥δ(G1).
Proof.ByTheorem1.3.13thereexistageodesictriangleT={x,y,z}inG1thatisa
cyclewithx,y,z∈J(G1)andp∈[xy]withdG1(p,[xz]∪[zy])=δ(T)=δ(G1). SincediamV(G1)≤2wehavethatdiamG1≤3andLemma1.3.7givesδ(G1)≤3/2. Hence,
eachoneofthelengthsL([xy]),L([yz]),L([zx])iseither3oratmost5/2.ByLemmas4.1.11
and4.1.12wehavethatT×{v}isageodesictriangleinG1⊕G2foranyﬁxedv∈V(G2).
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SinceL([xy])≤3,ifs∈[xz]∪[zy]andt∈[xy]withdG1(t,s)=dG1(t,[xz]∪[zy]),thendG1(t,s)≤3/2.Hence,Lemma4.1.11gives
dG1(t,s)=dG1⊕G2((t,v),(s,v))=dG1⊕G2((t,v),([xz]∪[zy]×{v})).
Asimilarresultholdsfor[xz]and[yz]. Therefore,δ(G1⊕G2)≥δ(T×{v})=δ(T)=
δ(G1).
Corolary4.2.10.LetG1,G2beanygraphs.IfdiamV(Gi)≤2fori=1,2,then
δ(G1⊕G2)≥max{δ(G1),δ(G2)}.
Corolary4.2.11.LetG1,G2beanygraphs.IfdiamV(G1)=2andδ(G1)=3/2,then
δ(G1⊕G2)=3/2.
Corolary4.2.12.LetG1,G2beanygraphs.Ifδ(G1)>1,thenδ(G1⊕G2)>1.
Proof.Sinceδ(G1)>1wehavethatdiamV(G1)≥2.IfdiamV(G1)=2,thenLemma4.2.9
givestheresult.IfdiamV(G1)≥3,thenTheorem4.2.6givestheresult.
IfAisasubsetofthegraphG,wedenotebyV(A)thesetofverticesofGinA,i.e.,
V(A)=V(G)∩A.
Theorem4.2.13.LetG1,G2beanygraphswithdiamV(G2)=2.
(1) IfdiamV(G1)=1,thenδ(G1⊕G2)=3/2ifandonlyifδ(G2)=3/2.
(2) IfdiamV(G1)=2andwehaveδ(G1)=3/2orδ(G2)=3/2,thenδ(G1⊕G2)=3/2.
Proof.IfdiamV(G1)=2andbesidesδ(G1)=3/2orδ(G2)=3/2,thenCorolary4.2.11
givesδ(G1⊕G2)=3/2sincediamV(G2)=2.
IfdiamV(G1)=1andδ(G2)=3/2,thenCorolary4.2.11givesδ(G1⊕G2)=3/2.
AssumenowthatdiamV(G1)=1andδ(G1⊕G2)=3/2.Lemma1.3.7givesδ(G2)≤3/2
sincediamV(G2)=2. Weshownowthatδ(G2)≥3/2.ByTheorem1.3.13thereexista
geodesictriangleT={x,y,z}inG1⊕G2thatisacyclewithx,y,z∈J(G1⊕G2)and
A3∈[xy]withdG1⊕G2(A3,[xz]∪[zy])=δ(T)=δ(G1⊕G2)=3/2.SincedG1⊕G2(A3,{x,y})≥dG1⊕G2(A3,[xz]∪[zy])=3/2wehavethatL([xy])=3.Corolary4.1.9givesx,y∈J(G1⊕G2)\V(G1⊕G2)andA3∈V(G1⊕G2)withdG1⊕G2(A3,x)=dG1⊕G2(A3,y)=3/2. Withoutlossofgeneralitywecanassumethatx∈[A1,A2]andy∈[A4,A5]withA2,A4∈[xy].Since
L([xy])=3anddG1⊕G2(A3,[xz]∪[zy])=3/2wehave
dG1⊕G2({A1,A2},{A4,A5})=2
and
dG1⊕G2(A3,V([xz]∪[zy]))=2.
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SinceA3∈V(G1⊕G2),wehaveA3∈V({v}⊕G2)withv∈V(G1).SincediamV(G1)=
1,wehavedG1⊕G2(A3,A)=1foreveryvertexA/∈V({v}⊕G2). Thus,V([xz]∪[zy])⊂V({v}⊕G2)sincedG1⊕G2(A3,V([xz]∪[zy]))=2.IfA2 /∈V({v}⊕G2)(respectively,A4 /∈V({v}⊕G2)),thendG1⊕G2(A2,A5) =1(respectively,dG1⊕G2(A4,A1) =1)byProposition4.1.5andthisisacontradictionsincedG1⊕G2({A1,A2},{A4,A5})=2. Thus,A2,A4∈V({v}⊕G2).Finaly,V(T)⊂V({v}⊕G2)andconsequentlyT⊂{v}⊕G2.Since
dG1⊕G2(x,y)=3,wehavediamG1⊕G2=3anddiamV(G1⊕G2)=2and,consequently,Tisageodesictrianglein{v}⊕G2.Hence,3/2=δ(T)≤δ({v}⊕G2)=δ(G2)andwecan
concludethatδ(G2)=3/2.
Onecanthinkthattheconverseof(2)inTheorem4.2.13holds. However,thisisnot
truesinceδ(C5⊕C5)=3/2(seeTheorem4.2.17)andδ(C5)=5/4.
Theorem4.2.14.LetG1,G2beanytrees.Then
δ(G1⊕G2)=


0, ifG1≃E1 or G2≃E1,
1, if1≤diamG1≤2 and 1≤diamG2≤2,
5/4, if1≤diamG1≤2 and diamG2≥3,
3/2, ifdiamG1≥3 and diamG2≥3.
Proof.IfG1≃E1orG2≃E1,thenRemark4.1.3givestheresultsinceδ(G)=0forevery
treeG.
If1≤diamG1≤2and1≤diamG2≤2,thenTheorem4.2.6givesδ(G1⊕G2)=1.
IfdiamG1=1anddiamG2≥3,thenExample4.2.4givestheresult.
IfdiamG1=2anddiamG2≥3,thenTheorems1.3.12,4.2.2and4.2.6giveδ(G1⊕
G2)∈{5/4,3/2}.Seekingforacontradictionassumethatδ(G1⊕G2)=3/2.ByTheorem
1.3.13thereexistageodesictriangleT={x,y,z}inG1⊕G2thatisacyclewithx,y,z∈
J(G1⊕G2)andp∈[xy]withdG1⊕G2(p,[xz]∪[zy])=δ(T)=3/2.SincedG1⊕G2(p,{x,y})≥dG1⊕G2(p,[xz]∪[zy])=3/2wehavethatL([xy])=3.Corolary4.1.9givesx,y∈J(G1⊕G2)\V(G1⊕G2)andp∈V(G1⊕G2)withdG1⊕G2(p,x)=dG1⊕G2(p,y)=3/2. Withoutlossofgeneralitywecanassumethatx∈[A1,A2]andy∈[A3,A4]withA1,A3∈[xy].
SinceL([xy])=3wehavethatdG1⊕G2({A1,A2},{A3,A4})=2. LetW bethepointinV([xz]∪[zy])\{A2,A4}suchthatdG1⊕G2(A2,W)=1.SincedG1⊕G2(p,[xz]∪[zy])=3/2wehavedG1⊕G2(p,V([xz]∪[zy]))=2and,inparticular,dG1⊕G2(p,{A2,A4,W})=2.SinceG1isatreewithdiamG1=2,thereexistsauniquev∈V(G1)withdG1(v,w)=1foreveryw∈V(G1)\{v};notethatdG1⊕G2((v,u1),(w,u2))=1foreveryw∈V(G1)\{v}andu1,u2∈V(G2).Hence,ifAi∈{v}⊕G2forsomei∈{1,2,3,4},thenAi∈{v}⊕G2forevery
i∈{1,2,3,4}.Assumeﬁrstthatp∈{v}⊕G2.Therefore,V([xz]∪[zy])\{v}⊕G2=∅and
Ai∈{v}⊕G2foreveryi∈{1,2,3,4}.Thus,T⊆{v}⊕G2,andthisisacontradictionsince
δ(G2)=0anddG1⊕G2(p,[xz]∪[zy])=3/2.Assumethatp∈{w}⊕G2,wherew∈V(G1)\{v}. SincedG1⊕G2(p,A1)=dG1⊕G2(p,A3)=1anddG1⊕G2(p,{A2,A4,W})=2wehavedG2(π2(p),π2(A1))=dG2(π2(p),π2(A3))=1anddG2(π2(p),π2(A2))=dG2(π2(p),π2(A4))=
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dG2(π2(p),π2(W))=2,thisisacontradictionsincedG2(π2(A2),π2(W))=1. Finaly,wehaveδ(G1⊕G2)̸=3/2andweconcludethatδ(G1⊕G2)=5/4.
IfdiamG1≥3anddiamG2≥3,thenTheorem4.2.7givestheresult.
Corolary4.2.15.LetPn,Pm betwopathgraphs.Then
δ(Pn⊕Pm)=


0, ifn=1 or m=1,
1, ifn=2,3 and m=2,3,
5/4, ifn=2,3 and m≥4,
3/2, ifn≥4 and m≥4.
Proposition4.2.16.LetGbeanygraphwithdiamV(G)=2. Thenδ(G)≤3/2,and
δ(G)=3/2ifandonlyifG∈F.
Proof.ByLemma1.3.7anddiamG≤diamV(G)+1=3,wehaveδ(G)≤3/2.
IfG∈F,thenLemma3.2.18givesδ(G)≥3/2,andweconcludeδ(G)=3/2.
Finaly,assumethatδ(G)=3/2. ByTheorem1.3.13thereexistageodesictriangle
T={x,y,z}inGthatisacyclewithx,y,z∈J(G)andp∈[xy]withdG(p,[xz]∪[zy])=
δ(T)=3/2.SincedG(p,{x,y})≥dG(p,[xz]∪[zy])=3/2anddiamG≤3wehavethat
dG(p,{x,y})=3/2,L([xy])=3,L([yz]),L([zx])≤3. Thus,x,y∈J(G)\V(G)andp∈
[xy]∩V(G).ByLemma3.2.18weconcludethatG∈F.
Theorem4.2.17.LetCn,Cm betwocyclegraphs.Then
δ(Cn⊕Cm)=


1, ifn=3,4 and m=3,4,
5/4, ifn=3,4 and m=5 or m≥10,
3/2, ifn=3,4 and m=6,7,8,9,
3/2, ifn≥5 and m≥5.
Proof.Ifn=3,4andm=3,4,thenTheorem4.2.6givesδ(Cn⊕Cm)=1.
Ifn=3,4andm=5orm≥10,thenTheorems4.2.2and4.2.6giveδ(Cn⊕Cm)∈
{5/4,3/2}. Seekingforacontradictionassumethatδ(Cn⊕Cm) =3/2. ByTheorem
1.3.13thereexistageodesictriangleT={x,y,z}inCn⊕Cm thatisacyclewithx,y,z∈
J(Cn⊕Cm)andp∈[xy]withdCn⊕Cm(p,[xz]∪[zy])=δ(T)=3/2.SincedCn⊕Cm(p,{x,y})≥dCn⊕Cm(p,[xz]∪[zy])=3/2wehavethatL([xy])=3andbyCorolary4.1.9wehavethatx,yaremidpointsinCn⊕Cm andp∈[xy]∩V(Cn⊕Cm). Wehavex∈[A1,A2],y∈
[A3,A4]withA2,A3∈[xy]. SincedCn⊕Cm(x,y) =3anddCn⊕Cm(p,[xz]∪[zy]) =3/2wehavedCn⊕Cm({A1,A2},{A3,A4}) =2anddCn⊕Cm(p,V([xz]∪[zy])) =2. Letv∈V(Cn)bethevertexwithp∈V({v}⊕Cm). Ifn=4,thenProposition4.1.5gives
V([xz]∪[zy])⊂V({v}⊕Cm)∪V({w}⊕Cm)withw∈V(C4)suchthatdC4(v,w)=2. SincedCn⊕Cm(A2,A4) =2anddCn⊕Cm(A1,A3) =2,weobtainA2,A3 ∈V({v}⊕Cm)∪V({w}⊕Cm). Hence,weconcludeV(T)⊂ V({v}⊕Cm)∪V({w}⊕Cm). If
n=3,thenasimilarargumentgivesV(T)⊂ V({v}⊕Cm). Consequently,ifn=
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3,4andA,B∈V(T)with[A,B]∈E(T),thenProposition4.1.5gives[π2(A),π2(B)]∈
E(Cm). ByProposition4.1.5wehavedCm({π2(A1),π2(A2)},{π2(A3),π2(A4)})=2sincedCn⊕Cm({A1,A2},{A3,A4})=2.LetW ∈V([xz]∪[zy]),Proposition4.1.5givesπ2(W)/∈{π2(A2),π2(A3)}sincedCn⊕Cm(p,V([xz]∪[zy]))=2. Therefore,π2(W)̸=π2(p)byconti-nuity.Hence,thereexistageodesictriangleT1={π2(x),π2(y),π2(z)}⊆π2(T)inCm with
π2(x),π2(y),π2(z)∈J(Cm),π2(p)∈[π2(x)π2(y)],L([π2(x)π2(y)])=L([xy])=3,
L([π2(x)π2(z)])≤L([xz])≤3,L([π2(z)π2(y)])≤L([zy])≤3anddCm(π2(p),[π2(x)π2(z)]∪[π2(z)π2(y)])=δ(T1)=3/2. Corolary3.2.19givesthecontradictionwewerelookingfor
sinceCm /∈F.Thus,weconcludethatδ(Cn⊕Cm)=5/4.
Ifn=3,4andm=6,7,8,9,thenbyTheorem4.2.1andExample4.2.3wehaveδ(Cn⊕
Cm)≥δ(P2⊕Cm)=δ(Cm⊕P2)=3/2sinceP2isanisometricsubgraphofCn,andTheorem
4.2.2givesδ(Cn⊕Cm)≤3/2.Thus,weconcludethatδ(Cn⊕Cm)=3/2.
Finaly,wedealwiththecasen≥5andm≥5.ConsiderCnasthecyclegraphwith
vertices{u1,u2,u3,u4,u5,...,un}andedges[un,u1]and[uj,uj+1]for1≤j<nandCm
asthecyclegraphwithvertices{v1,v2,v3,v4,v5,...,vm}andedges[vm,v1]and[vj,vj+1]
for1≤j<m. Letxandybethemidpointsof[(u3,v1),(u4,v1)]and[(u1,v3),(u1,v4)],
respectively.Proposition4.1.5givesdCn⊕Cm(x,y)=3.NowweshowageodesicbigonBinCn⊕Cm withδ(B)=3/2.DeﬁneB:={γ1,γ2}with
γ1:=[x(u4,v1)]∪[(u4,v1),(u2,v2)]∪[(u2,v2),(u1,v4)]∪[(u1,v4)y]
and
γ2:=[x(u3,v1)]∪[(u3,v1),(u4,v4)]∪[(u4,v4),(u1,v3)]∪[(u1,v3)y].
Ifpisthemidpointofγ2,thendCn⊕Cm
(p,γ1)=3/2andwehaveδ(Cn⊕Cm)≥δ(B)=
dCn⊕Cm
(p,γ1)=3/2.Thus,Theorem4.2.2givesδ(Cn⊕Cm)≤3/2andweconcludethat
δ(Cn⊕Cm)=3/2.
Remark4.2.18. Sinceδ(Cn⊕Cm)=δ(Cm⊕Cn),Theorem4.2.17providestheprecise
valueofδ(Cn⊕Cm)foreveryn,m≥3.
Theorem4.2.19.LetG1,G2beanygraphs.
(1) IfG1∈FandG2isnon-trivial,thenδ(G1⊕G2)=3/2.
(2) Ifδ(G1⊕G2)=3/2,diamV(G1)=2anddiamV(G2)=1,thenG1∈F.
Proof.AssumeﬁrstthatG1∈FandG2isnon-trivial.NotethatG1isanon-trivialgraph
sinceitbelongtoF.ByLemma3.2.18thereisageodesictriangleT={x,y,z}inG1thatis
acyclewithx,y,z∈J(G1),L([xy]),L([yz]),L([zx])≤3andδ(T)=3/2=dG1(p,[yz]∪[zx])forsomep∈[xy]∩V(G1).SincedG1(p,{x,y})≥dG1(p,[yz]∪[zx])=3/2anddG1(x,y)≤3,weobtaindG1(x,y) =3. Thenx,y∈J(G1)\V(G1),sincep∈V(G1),andwehavedG1⊕G2((x,v),(y,v))=dG1(x,y)=3foranyﬁxedv∈V(G2).Sincex,y∈J(G1)\V(G1),z∈J(G1),dG1(y,z)≤3anddG1(z,x)≤3,asimilarargumentgivesdG1⊕G2((y,v),(z,v))=
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dG1(y,z)anddG1⊕G2((z,v),(x,v))=dG1(z,x). Hence,T×{v}isageodesictriangleinG1⊕G2and3/2=δ(T)=δ(T×{v})≤δ(G1⊕G2),andweconcludeδ(G1⊕G2)=3/2by
Theorem4.2.2,sinceG1andG2arenon-trivial.
Finaly,ifδ(G1⊕G2)=3/2,diamV(G1)=2anddiamV(G2)=1,thenδ(G1)=3/2by
Theorem4.2.13(1).Thus,Proposition4.2.16givesG1∈F.
Onecanthinkthattheconverseof(1)inTheorem4.2.19holds. However,thisisnot
true,sincethecyclegraphC5doesnotbelongtoFandδ(C5⊕C5)=3/2(seeTheorem
4.2.17).
Finaly,wehaveacharacterizationoftheCartesiansumswithhyperbolicityconstant
3/2whichdoesnotinvolvepropertiesofG1andG2.
Theorem4.2.20.Foranynon-trivialgraphsG1,G2,wehaveδ(G1⊕G2)=3/2ifandonly
ifG1⊕G2∈F.
Proof.ByProposition4.1.7wehave1≤diamV(G1⊕G2)≤2.
IfdiamV(G1⊕G2)=1,thenG1⊕G2isacompletegraph.Hence,δ(G1⊕G2)=1and
G1⊕G2/∈F.
IfdiamV(G1⊕G2)=2,thenProposition4.2.16providestheequivalence.
4.3 HyperbolicityinthecomplementoftheCartesian
sumgraphs
Inthissectionweobtainanupperboundforthehyperbolicityconstantofthecomplement
oftheCartesiansumoftwographs.
GivenanygraphG,wedenotebyGthecomplementofG,deﬁnedasthegraphwith
V(G)=V(G)ande∈E(G)ifandonlyife/∈E(G).
Thefolowinglresultwhichwilbeuseful.
Lemma4.3.1.[57,79,88]ForanygraphsG1andG2,
G1⊕G2=G1⊠G2.
ThenextlemmafolowsfromTheorem2.1.5.
Lemma4.3.2.LetG1,G2beanygraphsandletΓ1,Γ2beisometricsubgraphsofG1and
G2,respectively. WehavethatΓ1⊠Γ2isanisometricsubgraphofG1⊠G2.
TheproofofthefolowinglemmaissimilartotheproofofTheorem4.2.1,usingLemma
4.3.2insteadofProposition4.1.6.
Lemma4.3.3.ForanygraphsG1,G2,wehave
δ(G1⊠G2)=max{δ(Γ1⊠Γ2):ΓiisanisometricsubgraphofGi,fori=1,2}.
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Theorem4.3.4.LetG1,G2beanygraphs.IfdiamV(Gi)≥3fori∈{1,2},then
3
2≤δ(G1⊕G2)≤2.
Proof.ItiswelknownthatifdiamV(G)≥3foranygraphG,thenGisconnectedand
diamV(G)≤3.Thus,Corolary2.2.1andLemma4.3.1giveδ(G1⊕G2)≤2.
IfdiamV(G)=1,thenGisacompletegraphandconsequentlyGisadisconnected
graph. Hence,diamV(G1)≥2anddiamV(G2)≥2. Consequently,thereisanisometric
subgraphinGiisomorphictoapathgraphPi3with3vertices,fori=1,2.Lemmas4.3.1and4.3.3giveδ(G1⊕G2)=δ(G1⊠G2)≥δ(P13⊠P23). Thus,δ(G1⊕G2)≥3/2sinceδ(P13⊠P23)=3/2by[24,Corolary33].

Chapter5
Hyperbolicityofdirectproductsof
graphs
Thedirectproductisclearlycommutativeandassociative. WeichselobservedthatG1×G2
isconnectedifandonlyifG1andG2areconnectedandG1orG2isnotabipartitegraph
[118]. Manydiﬀerentpropertiesofdirectproductofgraphshavebeenstudied(sometimes
withvariousdiﬀerentnames,suchascardinalproduct,tensorproduct,Kroneckerproduct,
categoricalproduct,conjunction,..).Thestudyincludesstructuralresults[8,18,56,65,66,
67],hamiltonianproperties[6,74],andabovealthewel-knownHedetniemi’sconjectureon
chromaticnumberofdirectproductoftwographs(see[64]and[122]). Openproblemsin
theareasuggestthatadeeperstructuralunderstandingofthisproductwouldbewelcome.
5.1 Hyperbolicdirectproducts
InordertostudythehyperbolicityconstantofthedirectproductoftwographsG1×G2,we
wilneedboundsforthedistancebetweentwoarbitrarypoints. Wewilusethedeﬁnition
givenin[57].
Deﬁnition5.1.1.LetG1=(V(G1),E(G1))andG2=(V(G2),E(G2))betwographs.The
directproductG1×G2ofG1andG2hasV(G1)×V(G2)asvertexset,sothattwodistinct
vertices(u1,v1)and(u2,v2)ofG1×G2areadjacentif[u1,u2]∈E(G1)and[v1,v2]∈E(G2).
Fromthedeﬁnition,itfolowsthatthedirectproductoftwographsiscommutative,i.e.,
G1×G2≃G2×G1.Hence,theconclusionofeveryresultinthissectionwithsome“non-
symmetric”hypothesisalsoholdsifwechangetherolesofG1andG2(see,e.g.,Theorems
5.1.9,5.1.10,5.1.20,5.1.22and5.1.31andCorolary5.1.32).
Inwhatfolowswedenotebyπitheprojectionπi:V(G1×G2)→ V(Gi)fori∈{1,2}.
Notethat,infact,thisprojectionisweldeﬁnedasamapπi:G1×G2→Gifori∈{1,2}.
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Wecolectsomepreviousresultsof[57],whichwilbeuseful.If Gisagraphand
u,u′∈V(G),thenbyau,u′-walkinGwemeanapathjoininguandu′whererepeating
verticesisalowed.
Proposition5.1.2.[57,Proposition5.7]Suppose(u,v)and(u′,v′)areverticesofthedirect
productG1×G2,andnisanintegerforwhichG1hasau,u′-walkoflengthnandG2
hasav,v′-walkoflengthn. ThenG1×G2hasawalkoflengthnfrom(u,v)to(u′,v′).
Thesmalestsuchn(ifitexists)equalsdG1×G2((u,v),(u′,v′)).Ifnosuchnexists,thendG1×G2((u,v),(u′,v′))=∞.
Proposition5.1.3.[57,Proposition5.8]SupposexandyareverticesofG1×G2.Then
dG1×G2(x,y)=min
{n∈N|eachfactorGihasaπi(x),πi(y)-walkoflengthnfori=1,2},
whereitisunderstoodthatdG1×G2(x,y)=∞ ifnosuchnexists.
Corolary5.1.4.Wehaveforevery (u,v),(u′,v′)∈V(G1×G2)
dG1×G2((u,v),(u′,v′))≥max
{dG1(u,u′),dG2(v,v′)
}
and,consequently,
diamV(G1×G2)≥max{diamV(G1),diamV(G2)}.
Furthermore,ifdG1(u,u′)anddG2(v,v′)havethesameparity,then
dG1×G2((u,v),(u′,v′))=max
{dG1(u,u′),dG2(v,v′)
}
and,consequently,
diamV(G1×G2)=max{diamV(G1),diamV(G2)}.
Thefolowingtheorem,ﬁrstprovedby Weichselin1962,characterizesconnectednessin
directproductsoftwofactors.Asusual,bycyclewemeanasimpleclosedcurve,i.e.,apath
withdiﬀerentvertices,unlessthelastone,whichisequaltotheﬁrstvertex.
Theorem5.1.5.[57,Theorem5.9]SupposeG1andG2areconnectednon-trivialgraphs.If
atleastoneofG1orG2hasanoddcycle,thenG1×G2isconnected.IfbothG1andG2are
bipartite,thenG1×G2hasexactlytwoconnectedcomponents.
Corolary5.1.6.[57,Corolary5.10]Adirectproductofconnectednon-trivialgraphsis
connectedifandonlyifatmostoneofthefactorsisbipartite.Infact,theproducthas
2max{k,1}−1connectedcomponents,wherekisthenumberofbipartitefactors.
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Proposition5.1.7.LetG1andG2betwounboundedgraphs.ThenG1×G2isnothyperbolic.
Proof.SinceG1andG2areunboundedgraphs,foreachpositiveintegernthereexisttwo
geodesicpathsP1:=[w1,w2]∪[w2,w3]∪···∪[wn−1,wn]inG1andP2:=[v1,v2]∪[v2,v3]∪
···∪[vn−1,vn]inG2.Ifnisodd,thenwecanconsiderthegeodesictriangleTinG1×G2
deﬁnedbythefolowinggeodesics:
γ1:=[(w1,v2),(w2,v1)]∪[(w2,v1),(w3,v2)]∪[(w3,v2),(w4,v1)]∪···∪[(wn−1,v1),(wn,v2)],
γ2:=[(w1,v2),(w2,v3)]∪[(w2,v3),(w1,v4)]∪[(w1,v4),(w2,v5)]∪···∪[(w1,vn−1),(w2,vn)],
γ3:=[(w2,vn),(w3,vn−1)]∪[(w3,vn−1),(w4,vn−2)]∪[(w4,vn−2),(w5,vn−3)]∪···
···∪[(wn−1,v3),(wn,v2)],
Corolary5.1.4givesthatγ1,γ2,γ3aregeodesics.
Letm :=n+12 andconsiderthevertex(wm,vm+1)inγ3. Foreveryvertex(wi,vj)inγ1,j∈{1,2},wehavedG1×G2((wm,vm+1),(wi,vj))≥dG2(vm+1,vj)≥m+1−2=n−12byCorolary5.1.4. Wehaveforeveryvertex(wi,vj)inγ2,i∈{1,2},byCorolary5.1.4,
dG1×G2((wm,vm+1),(wi,vj))≥dG1(wm,wi)≥m−2=n−32.Hence,dG1×G2
((wm,vm+1),γ1∪
γ2)≥ n−32 andδ(G1×G2)≥δ(T)≥ n−32. Sincenisarbitrarilylarge,G1×G2isnothyperbolic.
Lemma5.1.8.ConsidertwographsG1andG2.Iff:V(G1)−→V(G2)isan(α,β)-quasi-
isometricembedding,thenthereexistsan(α,α+β)-quasi-isometricembeddingg:G1−→G2
withg=fonV(G1).Furthermore,iffisε-ful,thengis(ε+12)-ful.
Proof.Foreachx∈G1,letuschooseaclosestpointvx ∈V(G1)fromx,anddeﬁne
g(x):=f(vx).Notethatvx=xifx∈V(G1)andsog=fonV(G1).Givenx,y∈G1,we
have
dG2(g(x),g(y))=dG2(f(vx),f(vy))≤αdG1(vx,vy)+β≤α
(dG1(x,y)+1
)+β,
dG2(g(x),g(y))=dG2(f(vx),f(vy))≥α−1dG1(vx,vy)−β≥α−1
(dG1(x,y)−1
)−β,
andgisan(α,α+β)-quasi-isometricembedding,sinceα≥1≥α−1.
Furthermore,iffisε-ful,thengis(ε+12)-fulsinceg(G1)=f(V(G1)).
GivenagraphG,letgI(G)denotetheoddgirthofG,thisis,thelengthoftheshortest
oddcycleinG.
Theorem5.1.9.LetG1beagraphandG2beanon-trivialboundedgraphwithsomeodd
cycle.Then,G1×G2ishyperbolicifandonlyifG1ishyperbolic.
Proof.Letv0∈V(G2)suchthatv0iscontainedinanoddcycleCwithL(C)=gI(G2).
Considerthemapi:V(G1)→V(G1×G2)suchthati(w):=(w,v0)foreveryw∈V(G1).
ByCorolary5.1.4,foranypairofverticesw1,w2∈V(G1),
dG1(w1,w2)≤dG1×G2
((w1,v0),(w2,v0)).
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Also,Proposition5.1.3givesthefolowing.
Ifageodesicjoiningw1andw2hasevenlength,then
dG1×G2
((w1,v0),(w2,v0))=dG1(w1,w2).
Ifageodesicjoiningw1andw2hasoddlength,thenCdeﬁnesav0,v0-walkwithoddlength
and
dG1×G2
((w1,v0),(w2,v0))≤max{dG1(w1,w2),gI(G2)}≤dG1(w1,w2)+gI(G2).
Thus,iisa(1,gI(G2))quasi-isometricembedding.
Considerany(w,v)∈V(G1×G2).Then,ifthegeodesicjoiningvandv0hasevenlength,
dG1×G2
((w,v),(w,v0))=dG2(v,v0).
Ifageodesicjoiningvandv0hasoddlength,[vv0]∪Cdeﬁnesav,v0-walkwithevenlength.
Therefore,
dG1×G2
((w,v),(w,v0))≤dG2(v,v0)+gI(G2).
Thus,iis(diam(V(G2))+gI(G2))-ful.
Hence,byLemma5.1.8,thereisa(diam(V(G2))+gI(G2)+12
)-ful(1,gI(G2)+1)-quasi-
isometry,j:G1→ G1×G2,andG1×G2ishyperbolicifandonlyifG1ishyperbolicby
Theorem1.3.6.
Theorem5.1.10.LetG1beagraphwithoutoddcyclesandG2beanon-trivialbounded
graphwithoutoddcycles.Then,G1×G2ishyperbolicifandonlyifG1ishyperbolic.
Proof.Fixsomevertexw0∈V(G1)andsomeedge[v1,v2]∈E(G2).
ByTheorem5.1.5,thereareexactlytwocomponentsinG1×G2.Sincetherearenoodd
cycles,thereisno(w0,v1),(w0,v2)-walkinG1×G2.Thus,letusdenoteby(G1×G2)1the
componentcontainingthevertex(w0,v1)andby(G1×G2)2thecomponentcontainingthe
vertex(w0,v2).
Consideri:V(G1)→V(G1×G2)1deﬁnedasi(w):=(w,v1)foreveryw∈V(G1)such
thateveryw0,w-walkhasevenlengthandi(w):=(w,v2)foreveryw∈V(G1)suchthat
everyw0,w-walkhasoddlength.
ByProposition5.1.3,dG1×G2
(i(w1),i(w2))=dG1(w1,w2)foreveryw1,w2∈V(G1)andiisa(1,0)-quasi-isometricembedding.
Let(w,v)∈V(G1×G2)1.Letvjwithj∈{1,2}suchthateveryv,vj-walkhaseven
length.Then,byProposition5.1.3,dG1×G2
((w,v),(w,vj))=dG2(v,vj)≤diam(G2).There-fore,iisdiam(G2)-ful.
Hence,byLemma5.1.8,thereisa(diam(G2)+12
)-ful(1,1)-quasi-isometry,j:G1→
(G1×G2)1,and(G1×G2)1ishyperbolicifandonlyifG1ishyperbolicbyTheorem1.3.6.
Thesameargumentprovesthat(G1×G2)2ishyperbolic.
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DenotebyP2thepathgraphwithtwovertices,i.e.,agraphwithtwoverticesandan
edge.
Lemma5.1.11.LetG1beagraphwithsomeoddcycleandG2anon-trivialboundedgraph
withoutoddcycles. ThenG1×G2andG1×P2arequasi-isometricandδ(G1×P2)≤
δ(G1×G2).
Proof.ByTheorem5.1.5,weknowthatG1×G2andG1×P2areconnectedgraphs.
Denotebyv1andv2theverticesofP2andﬁx[w1,w2]∈E(G2).Themapf:V(G1×
P2)−→V(G1×[w1,w2])deﬁnedasf(u,vj):=(u,wj)foreveryu∈V(G1)andj=1,2,
isanisomorphismofgraphs;hence,itsuﬃcestoprovethatG1×G2andG1×[w1,w2]are
quasi-isometric.
Considertheinclusionmapi:V(G1×[w1,w2])−→V(G1×G2).SinceG1×[w1,w2]isa
subgraphofG1×G2,wehavedG1×G2(x,y)≤dG1×[w1,w2](x,y)foreveryx,y∈V(G1×[w1,w2]).SinceG2isagraphwithoutoddcycles,everyw1,w2-walkhasoddlengthandeverywj,wj-
walkhasevenlengthforj=1,2.ThusProposition5.1.3gives,foreveryx=(u,w1),y=
(v,w2)∈V(G1×[w1,w2]),
dG1×[w1,w2](x,y)=dG1×G2(x,y)=min
{L(g)|gisau,v-walkofoddlength}.
Furthermore,foreveryx=(u,wj),y=(v,wj)∈V(G1×[w1,w2])andj=1,2,
dG1×[w1,w2](x,y)=dG1×G2(x,y)=min
{L(g)|gisau,v-walkofevenlength}.
Hence,dG1×[w1,w2](x,y)=dG1×G2(x,y)foreveryx,y∈V(G1×[w1,w2]),andtheinclusionmapiisan(1,0)-quasi-isometricembedding.Therefore,δ(G1×P2)=δ(G1×[w1,w2])≤
δ(G1×G2).
SinceG2isagraphwithoutoddcycles,givenanyw∈V(G2),wehaveeitherthatevery
w,w1-walkhasevenlengthandeveryw,w2-walkhasoddlengthorthateveryw,w2-walk
hasevenlengthandeveryw,w1-walkhasoddlength.Also,sinceG1isconnected,foreach
u∈V(G1)thereissomeu′∈V(G1)suchthat[u,u′]∈E(G1).Therefore,byProposition
5.1.3,forevery(u,w)∈V(G1×G2),ifmin{dG2(w,w1),dG2(w,w2)
}iseven,then
dG1×G2
((u,w),V(G1×[w1,w2]))=dG1×G2
((u,w),V(u×[w1,w2]))
=min{dG2(w,w1),dG2(w,w2)
},
andifmin{dG2(w,w1),dG2(w,w2)
}isodd,then
dG1×G2
((u,w),V(G1×[w1,w2]))=dG1×G2
((u,w),V(u′×[w1,w2]))
=min{dG2(w,w1),dG2(w,w2)
}.
Inbothcases,
dG1×G2
((u,w),V(G1×[w1,w2]))≤diamV(G2),
andiis(diamV(G2))-ful. ByLemma5.1.8,thereexistsa(diamV(G2)+12
)-ful(1,1)-
quasi-isometryg:G1×[w1,w2]−→G1×G2.
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Au,v-walkginGisashortcutofacycleCifg∩C={u,v}andL(g)<dC(u,v)where
dCdenotesthelengthmetriconC.
AcycleC′isareductionofthecycleCifbothhaveoddlengthandC′istheunionofa
subarcηofCandashortcutofCjoiningtheendpointsofη.NotethatL(C′)≤L(C)−2.
Wesaythatacycleis minimalifithasoddlengthanditdoesnothaveareduction.
Lemma5.1.12.IfCisaminimalcycleofG,thenL(C)≤4δ(G).
Proof.Weproveﬁrstthat CisanisometricsubgraphofG.Seekingforacontradiction
assumethatCisnotanisometricsubgraph. Thus,thereexistsashortcutgofCwith
endpointsu,v.Therearetwosubarcsη1,η2ofCjoininguandv;sinceChasoddlength,
wecanassumethatη1hasevenlengthandη2hasoddlength.Ifghasevenlength,then
C′:=g∪η2isareductionofC.Ifghasoddlength,thenC′:=g∪η1isareductionofC.
Hence,Cisnotminimal,whichisacontradiction,andsoCisanisometricsubgraphofG.
Letx,y∈CwithdC(x,y)=L(C)/2andσ1,σ2thetwosubarcsofCjoiningx,y.Since
Cisanisometricsubgraph,T:={σ1,σ2}isageodesicbigon.Ifpisthemidpointofσ1,
thenLemma1.3.3givesL(C)/4=dG(p,{x,y})=dG(p,σ2)≤δ(C)≤δ(G).
Givenanyw0,wk-walkg=[w0,w1]∪[w1,w2]∪···∪[wk−1,wk]inG1andP2=[v1,v2],if
L(g)iseitheroddoreven,thenwedeﬁnethe(w0,v1),(wk,vi)-walkfori∈1,2,
Γ1g:=[(w0,v1),(w1,v2)]∪[(w1,v2),(w2,v1)]∪[(w2,v1),(w3,v2)]∪···∪[(wk−1,v1),(wk,v2)],
Γ1g:=[(w0,v1),(w1,v2)]∪[(w1,v2),(w2,v1)]∪[(w2,v1),(w3,v2)]∪···∪[(wk−1,v2),(wk,v1)],
respectively.
Remark5.1.13.ByProposition5.1.3,ifgisageodesicpathinG1,thenΓ1gisageodesic
pathinG1×P2.
LetusdeﬁnethemapR:V(G1×P2)→V(G1×P2)asR(w,v1)=(w,v2)andR(w,v2)=
(w,v1)foreveryw∈V(G1),andthepathΓ2gasΓ2g=R(Γ1g).
Letusdeﬁnethemap(Γ1g)′:g→ Γ1gwhichisanisometryontheedgesandsuch
that(Γ1g)′(wj) =(wj,v1)ifjisevenand(Γ1g)′(wj) =(wj,v2)ifjisodd. Also,let
(Γ2g)′:g→Γ2gbethemapdeﬁnedby(Γ2g)′:=R◦(Γ1g)′.
GivenagraphG,denotebyC(G)thesetofminimalcyclesofG.
Lemma5.1.14.LetG1beagraphwithsomeoddcycleandP2=[v1,v2]. Considera
geodesicg=[w0wk]=[w0,w1]∪[w1,w2]∪···∪[wk−1,wk]inG1. Letusdeﬁnew′0:=(Γ1g)′(w0)=(w0,v1)andw′k:=(Γ2g)′(wk),i.e.,w′k:=(wk,v1)orw′k:=(wk,v2)ifkisodd
oreven,respectively.ThendG1×P2(w′0,w′k)>
√
dG1
(wj,C(G1))forevery0≤j≤k.
Proof.Fix0≤j≤k.Deﬁne
P:={σ|σisaw0,wk-walksuchthatL(σ)hasaparitydiﬀerentfromthatofk}.
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Proposition5.1.3gives
dG1×P2(w′0,w′k)=min
{L(σ)|σ∈P}.
Chooseσ0∈PsuchthatL(σ0)=dG1×P2(w′0,w′k). SinceL(g)+L(σ0)isodd,wehaveL(g)+L(σ0)=2t+1forsomepositiveintegert.ThusdG1×P2(w′0,w′k)=L(σ0)>12(2t+1).Ifg∪σ0isacycle,thenletusdeﬁneC0:=g∪σ0.Thus,L(C0)=2t+1anddG1
(wj,C0)=0
forevery0≤j≤k. Otherwise,wemayassumethatg∩σ0=[w0wi1]∪[wi2wk]forsome0≤i1<i2≤k.Ifσ1=σ0\g,thenletusdeﬁneC0:=[wi1wi2]∪σ1(where[wi1wi2]⊂g).Hence,C0isacycle,L(C0)≤2t−1anddG1
(wj,C0)<12(2t+1).IfC0isnotminimal,thenconsiderareductionC1ofC0. Letusrepeattheprocess
untilweobtainaminimalcycleCs. NotethatL(C1)≤L(C0)−2andforeverypoint
p1∈C0,dG1
(p1,C1)< 12L(C0). Now,repeatingtheargument,forevery1<i ≤ s,L(Ci)≤L(Ci−1)−2andforeverypointpi∈Ci−1,dG1
(pi,Ci)<12L(Ci−1).Therefore,
dG1
(wj,C(G1))≤dG1
(wj,Cs)≤dG1
(wj,C0)+12L(C0)+
1
2L(C1)+···+
1
2L(Cs)
<12(2t+1)+
1
2(2t−1)+···+
5
2+
3
2.
Hence,
dG1
(wj,C(G1))<12
t∑
i=1
(2i+1)=12t
2+t<
(1
2(2t+1)
)2<
(
dG1×P2(w′0,w′k)
)2.
Corolary5.1.15. LetG1beahyperbolicgraphwithsomeoddcycleandP2=[v1,v2].
Considerageodesicg=[w0wk]=[w0,w1]∪[w1,w2]∪···∪[wk−1,wk]inG1.Letusdeﬁne
w′0:=(Γ1g)′(w0)=(w0,v1)andw′k:=(Γ2g)′(wk).Then,wehaveforevery0≤j≤k,
1
2
(
k+
√
dG1
(wj,C(G1))
)
≤dG1×P2(w′0,w′k)≤k+2dG1
(wj,C(G1))+4δ(G1).
Proof.Corolary5.1.4andLemma5.1.14givedG1×P2(w′0,w′k)≥kanddG1×P2(w′0,w′k)≥√
dG1
(wj,C(G1)),andtheseinequalitiesprovidethelowerboundofdG1×P2(w′0,w′k).
ConsiderageodesicγjoiningwjandC∈C(G1)withL(γ)=dG1(wj,C)=dG1
(wj,C(G1))
andthew0,wk-walk
g′:=[w0wj]∪γ∪C∪γ∪[wjwk].
OnecancheckthatΓ1g′isaw′0,w′k-walkinG1×P2,andsoLemma5.1.12gives
dG1×P2(w′0,w′k)≤L(Γ1g′)=L(g′)=k+2dG1
(wj,C(G1))+L(C)
≤k+2dG1
(wj,C(G1))+4δ(G1).
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ConsiderthesetTv(G)ofgeodesictrianglesTinGthatarecyclesandsuchthatthe
threeverticesofthetriangleTbelongtoV(G),anddenotebyδv(G)theinﬁmumofthe
constantsλsuchthateverytriangleinTv(G)isλ-thin.
Theorem5.1.16.ForeverygraphGwehaveδv(G)≤δ(G)≤4δv(G)+1/2.Hence,Gis
hyperbolicifandonlyifδv(G)<∞.Furthermore,ifGishyperbolic,thenδv(G)isalwaysa
multipleof1/2andthereexistageodesictriangleT={x,y,z}∈Tv(G)andp∈[xy]∩J(G)
suchthatd(p,[xz]∪[zy])=δ(T)=δv(G).
Proof.Theinequalityδv(G)≤δ(G)isdirect.
ConsiderthesetT′v(G)ofgeodesictrianglesTinGsuchthatthethreeverticesofthetriangleTbelongtoV(G),anddenotebyδ′v(G)theinﬁmumoftheconstantsλsuchthateverytriangleinT′v(G)isλ-thin.Theargumentintheproofof[105,Lemma2.1]givesthatδ′v(G)=δv(G).Inordertoprovetheupperboundofδ(G),assumeﬁrstthatGishyperbolic. Wecan
assumeδ′v(G)<∞,sinceotherwisetheinequalityisdirect.ByTheorem1.3.13,thereexistsageodesictriangleT={x,y,z}thatisacyclewithx,y,z∈J(G)andp∈[xy]suchthat
d(p,[xz]∪[zy])=δ(T)=δ(G).Assumethatx,y,z∈J(G)\V(G)(otherwise,theargument
issimpler).Letx1,x2,y1,y2,z1,z2∈T∩V(G)suchthatx∈[x1,x2],y∈[y1,y2],z∈[z1,z2]
andx2,y1∈[xy],y2,z1∈[yz],z2,x1∈[xz].SinceH:={x2,y1,y2,z1,z2,x1}isageodesic
hexagonwithverticesinV(G),itis4δ′v(G)-thinandeverypointw∈[y1,y2]∪[y2z1]∪[z1,z2]∪[z2x1]∪[x1,x2]veriﬁesd(w,[xz]∪[zy])≤1/2,wehave
δ(G)=d(p,[xz]∪[zy])≤d(p,[y1,y2]∪[y2z1]∪[z1,z2]∪[z2x1]∪[x1,x2])+1/2
≤4δ′v(G)+1/2=4δv(G)+1/2.
AssumenowthatGisnothyperbolic. Therefore,foreachM> 0thereexistsageodesic
triangleT={x,y,z}thatisacyclewithx,y,z∈J(G)andp∈[xy]suchthatd(p,[xz]∪
[zy])≥M.ThepreviousargumentgivesM ≤4δv(G)+1/2and,sinceM isarbitrary,we
deduceδv(G)=∞=δ(G).
Finaly,consideranygeodesictriangleT={x,y,z}inTv(G).Sinced(p,[xz]∪[zy])=
d(p,([xz]∪[zy])∩V(G)),d(p,[xz]∪[zy])attainsitsmaximumvaluewhenp∈J(G).Hence,
δ(T)isamultipleof1/2foreverygeodesictriangleT∈Tv(G).Sincethesetofnon-negative
numbersthataremultipleof1/2isadiscreteset,ifGishyperbolic,thenδ(G)isamultiple
of1/2andthereexistageodesictriangleT={x,y,z}∈Tv(G)andp∈[xy]∩J(G)such
thatd(p,[xz]∪[zy])=δ(T)=δv(G).Thisﬁnishestheproof.
Theorem5.1.17.IfG1isanon-hyperbolicgraph,thenG1×P2isnothyperbolic.
Proof.SinceG1isnothyperbolic,byTheorem5.1.16,givenanyR>0thereisageodesic
triangleT={x,y,z}thatisacycle,withx,y,z∈V(G1)andsuchthatTisnotR-
thin. Therefore,thereexistssomepointm∈T,letusassumethatm∈[xy],suchthat
dG1(m,[yz]∪[zx])>R.
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SeekingforacontradictionletusassumethatG1×P2isδ-hyperbolic.
SupposethatforsomeR>δ,thereisageodesictriangleT={x,y,z}thatisaneven
cycleinG1,withx,y,z∈V(G1)andsuchthatTisnotR-thin.Considerthe(closed)path
Λ=[xy]∪[yz]∪[zx].Then,sinceThasevenlength,thepathΓ1ΛdeﬁnesacycleinG1×P2.
Letγ1,γ2,γ3bethepathsinΓ1Λcorrespondingto[xy],[yz],[zx],respectively.ByCorolary
5.1.4,thecurvesγ1,γ2andγ3aregeodesics,anddG1×P2
((Γ1Λ)′(m),γ2∪γ3)>δ,leadingto
contradiction.
SupposethatforeveryR>0,thereisageodesictriangleT={x,y,z}whichisanodd
cycle,withx,y,z∈V(G1)andsuchthatTisnotR-thin.
LetT1={x,y,z}beageodesictriangleasaboveandletusassumethatdiam(T1)=
D>8δ.
LetT2={x′,y′,z′}beanothergeodesictriangleasabovesuchthatT2isnot3(D+
8δ)-thin,thisis,thereisapointminoneofthesides,letuscalitσ,ofT2suchthat
dG1(m,T2\σ)>3(D+8δ).Letg=[w0wk]withw0∈T1andwk∈T2beashortestgeodesicinG1joiningT1andT2
(ifT1andT2intersect,justassumethatgisasinglevertex,w0=wk,intheintersection).
Letusassumethatw0∈[xz]andwk∈[x′z′].Then,letusconsiderthecycleCinG1
givenbytheunionofthegeodesicsinT1,g,thegeodesicsinT2andtheinverseofgfromwk
tow0,thisis,
C:=[w0x]∪[xy]∪[yz]∪[zw0]∪[w0wk]∪[wkx′]∪[x′y′]∪[y′z′]∪[z′wk]∪[wkw0].
SinceT1,T2areoddcycles,Cisanevencycle. Therefore,Γ1Cdeﬁnesacyclein
G1×P2. Moreover,byRemark5.1.13,Γ1CisageodesicdecagoninG1×P2withsidesγ1=
(Γ1C)′([w0x]),γ2=(Γ1C)′([xy]),γ3=(Γ1C)′([yz]),γ4=(Γ1C)′([zw0]),γ5=(Γ1C)′([w0wk]),
γ6 =(Γ1C)′([wkx′]),γ7 =(Γ1C)′([x′y′]),γ8 =(Γ1C)′([y′z′]),γ9 =(Γ1C)′([z′wk])and
γ10=(Γ1C)′([wkw0]).
SinceweareassumingthatG1×P2isδ-hyperbolic,thenforevery1≤i≤10andevery
pointp∈γi,dG1×P2(p,C\γi)≤8δ.Letp:=(Γ1C)′(m).
Case1.SupposethatdG1(m,T1∪g)>8δ.Byassumption,dG1(m,T2\σ)>8δ.Ifσ=[x′y′](resp.σ=[y′z′]),thenp∈γ7(resp.p∈γ8)and,byCorolary5.1.4,dG1×P2(p,C\γ7)>8δ(resp.dG1×P2(p,C\γ8)>8δ)leadingtocontradiction.Ifσ=[x′z′],since[x′z′]=[x′wk]∪[wkz′],letusassumem∈[x′wk].Then,
sincedG1(m,wk)>8δ,itfolowsthatdG1(m,[wkz′])>8δ.Thus,p∈γ6and,byCorolary5.1.4,dG1×P2(p,C\γ6)>8δleadingtocontradiction.Case2.SupposethatdG1(m,T1∪g)≤8δandL(g)≤8δ.Then,foreverypointqinT1∪g,dG1(m,q)≤8δ+D+8δ.Inparticular,dG1(m,wk)≤8δ+D+8δ.Therefore,m∈[x′z′]andletusassumethatm∈[x′wk].SincedG1(m,x′)≥dG1(m,[x′y′]∪[y′z′])>3(D+8δ),thereisapointm′∈[x′m]⊂[x′wk]suchthatdG1(m,m′)=2(D+8δ).Then,dG1(m′,T1∪g)≥2(D+8δ)−D−8δ−8δ=D>8δ.Also,itistrivialtocheckthatdG1(m′,[x′y′]∪[y′z′])>3(D+8δ)−2(D+8δ)>8δandsince[x′z′]isageodesic,dG1(m′,[z′wk])>8δ. Thus,if
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p′:=(Γ1C)′(m′),thenp′∈γ6and,byCorolary5.1.4,dG1×P2(p′,C\γ6)>8δleadingtocontradiction.
Case3.SupposethatdG1(m,T1∪g)≤8δandL(g)>8δ.SincegisashortestgeodesicinG1joiningT1andT2,thisimpliesthatdG1(T1,T2)>8δanddG1(m,[w0wk])≤8δ. More-over,dG1(m,wk)≤16δ. Otherwise,thereisapointq∈[w0wk]suchthatdG1(m,q)≤8δanddG1(q,wk)>8δwhichmeansthatdG1(q,w0)<dG1(w0,wk)−8δanddG1(m,w0)<dG1(w0,wk)leadingtocontradiction.SincedG1(m,wk)≤16δ,m∈[x′z′].Letusassumethatm∈[x′wk].SincedG1(m,[x′y′]∪[y′z′])>3(D+8δ),thereisapointm′∈[x′m]⊂[x′wk]suchthatdG1(m,m′)=2(D+8δ).LetusseethatdG1(m′,[w0wk])>8δ.Supposethereissomeq∈[w0wk]suchthatdG1(m′,q)≤8δ.Sincem′∈T2andgisashortestgeodesicjoiningT1andT2,dG1(q,wk)≤8δ. However,32δ<2(D+8δ)=dG1(m′,m)≤dG1(m′,q)+dG1(q,wk)+dG1(wk,m)≤8δ+8δ+16δwhichisacontradiction.Hence,dG1(m′,[w0wk])>8δ.Also,itistrivialtocheckthatdG1(m′,[x′y′]∪[y′z′])>3(D+8δ)−2(D+8δ)>8δandsince[x′z′]isageodesic,dG1(m′,[z′wk])>8δ.Thus,ifp′:=(Γ1C)′(m′),thenp′∈γ6and,byCorolary5.1.4,dG1×P2(p′,C\γ6)>8δleadingtocontradiction.
Proposition5.1.7,Lemma5.1.11andTheorems5.1.9,5.1.10and5.1.17havethefolowing
consequence.
Corolary5.1.18.IfG1isanon-hyperbolicgraphandG2issomenon-trivialgraph,then
G1×G2isnothyperbolic.
Proposition5.1.7andCorolary5.1.18provideanecessaryconditionforthehyperbolicity
ofG1×G2.
Theorem5.1.19.LetG1,G2benon-trivialgraphs.IfG1×G2ishyperbolic,thenonefactor
graphishyperbolicandtheotheroneisbounded.
Theorems5.1.9and5.1.10showthatthisnecessaryconditionisalsosuﬃcientifeither
G2hassomeoddcycleorG1andG2donothaveoddcycles(whenG1isahyperbolicgraph
andG2isaboundedgraph). Wedealnowwiththeothercase,whenG1hassomeoddcycle
andG2doesnothaveoddcycles.
Theorem5.1.20.LetG1beagraphwithsomeoddcycleandG2anon-trivialbounded
graphwithoutoddcycles.AssumethatG1satisﬁesthefolowingproperty:foreachM>0
thereexistageodesicgjoiningtwominimalcyclesofG1andavertexu∈g∩V(G1)with
dG1
(u,C(G1))≥M.ThenG1×G2isnothyperbolic.
Proof.IfG1isnothyperbolic,thenCorolary5.1.18givesthatG1×G2isnothyperbolic.
AssumenowthatG1ishyperbolic.ByTheorem1.3.6andLemma5.1.11,wecanassume
thatG2=P2andV(P2)={v1,v2}.
FixM>0andchooseageodesicg=[w0wk]=[w0,w1]∪[w1,w2]∪···∪[wk−1,wk]joining
twominimalcyclesinG1and0<r<kwithdG1
(wr,C(G1))≥M.
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Deﬁnethepathsg1andg2inG1×P2asg1:=Γ1gandg2:=Γ2g.SinceL(g1)=L(g2)=
L(g)=dG1(w0,wk),wehave
dG1×P2
(g1(w0),g1(wk))≤L(g1)=dG1(w0,wk),dG1×P2
(g2(w0),g2(wk))≤L(g2)=dG1(w0,wk).
Corolary5.1.4givesthat
dG1×P2
(g1(w0),g1(wk))≥dG1(w0,wk), dG1×P2
(g2(w0),g2(wk))≥dG1(w0,wk).
Hence,g1andg2aregeodesicsinG1×P2. Choosegeodesicsg3=[g1(w0)g2(w0)]and
g4=[g1(wk)g2(wk)]inG1×P2.SincedP2(v1,v2)=1isodd,Proposition5.1.3gives
dG1×P2
(g1(w0),g2(w0))=min{L(σ)|σisaw0,w0-walk}
=min{L(σ)|σcycleofoddlengthcontainingw0}.
Sincew0belongstoaminimalcycle,L(g3)≤4δ(G1)byLemma5.1.12.Inasimilarway,we
obtainL(g4)≤4δ(G1).
ConsiderthegeodesicquadrilateralQ:={g1,g2,g3,g4}inG1×P2.ThusdG1×P2
(g1(wr),g2
∪g3∪g4)≤2δ(G1×P2).Sincemax{L(g3),L(g4)}≤4δ(G1),wededucedG1×P2
(g1(wr),g2)≤
2δ(G1×P2)+4δ(G1).
Let0≤j≤kwithdG1×P2
(g1(wr),g2)=dG1×P2
(g1(wr),g2(wj)).Letusdeﬁnew′r:=g1(wr)andw′j:=g2(wj).ThusLemma5.1.14gives
√M ≤
√
dG1
(wr,C(G1))≤dG1×P2(w′r,w′j)=dG1×P2(w′r,g2)≤2δ(G1×P2)+4δ(G1),
andsinceM isarbitrarilylarge,wededucethatG1×P2isnothyperbolic.
Lemma5.1.21.LetG1beahyperbolicgraphandsupposethereissomeconstantK>0
suchthatforeveryvertexw∈G1,dG1(w,C(G1))≤K.Then,G1×P2ishyperbolic.
Proof.Denotebyv1andv2theverticesofP2. Leti:V(G1)→ V(G1×P2)deﬁnedas
i(w):=(w,v1)foreveryw∈G1.
Foreverypairofverticesx,y∈V(G1),byCorolary5.1.4,dG1(x,y)≤dG1×P2(i(x),i(y)).ByCorolary5.1.15,
dG1×P2(i(x),i(y))≤dG1(x,y)+2dG1
(x,C(G1))+4δ(G1)≤dG1(x,y)+2K+4δ(G1).
Therefore,i:V(G1)→V(G1×P2)isa(1,2K+4δ(G1))-quasi-isometricembedding.
Noticethatforevery(w,v1)∈V(G1×P2),(w,v1)=i(w).Also,forany(w,v2)∈V(G1×
P2),sinceG1isconnected,thereissomeedge[w,w′]∈E(G1)andwehave[(w,v2),(w′,v1)]∈
E(G1×P2).Therefore,i:V(G1)→V(G1×P2)is1-ful.
Thus,byLemma5.1.8,G1andG1×P2arequasi-isometricand,byTheorem1.3.6,G1×P2
ishyperbolic.
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Theorem5.1.9andLemmas5.1.11and5.1.21havethefolowingconsequence.
Theorem5.1.22.LetG1beahyperbolicgraphandG2somenon-trivialboundedgraph.If
thereissomeconstantK>0suchthatforeveryvertexw∈G1,dG1(w,C(G1))≤K,thenG1×G2ishyperbolic.
Wewilﬁnishthissectionwithacharacterizationofthehyperbolicityof G1×G2,under
anadditionalhypothesis.Sincetheproofofthisresultislongandtechnical,inorderto
maketheargumentsmoretransparent,wecolectsomeresultsweneedalongtheproofin
technicallemmas.
LetJbeaﬁniteorinﬁniteindexset. Now,givenagraphG1,wedeﬁnesomegraphs
relatedtoG1whichwilbeusefulinthefolowingresults.LetBj:=BG1(wj,Kj)withwj∈V(G1)andKj∈Z+,foranyj∈J,suchthatsupjKj=K<∞,Bj1∩Bj2=∅ifj1≠j2,andeveryoddcycleCinG1satisﬁesC∩Bj≠∅forsomej∈J.DenotebyG′1thesubgraphofG1inducedbyV(G1)\(∪jBj).LetNj:=∂Bj={w∈V(G1):dG1(w,wj)=Kj}.DenotebyG∗1thegraphwithV(G∗1)=V(G′1)∪(∪j{w∗j}),wherew∗jareadditionalvertices,andE(G∗1)=E(G′1)∪(∪j{[w,w∗j]:w∈Nj}). WehaveG′1=G1∩G∗1.
Lemma5.1.23.LetG1beagraphasabove.Then,thereexistsaquasi-isometryg:G1→G∗1withg(wj)=w∗jforeveryj∈J.
Proof.Letf:V(G1)→V(G∗1)deﬁnedasf(u)=uforeveryu∈V(G′1),andf(u)=w∗iforeveryu∈V(Bi).Itisclearthatf:V(G1)→V(G∗1)is0-ful.Now,wefocusonprovingthatf:V(G1)→V(G∗1)isa(K,2K)-quasi-isometricembed-ding.Foreveryu,v∈V(G1),itisclearthatdG∗1(f(u),f(v))≤dG1(u,v).Inordertoprovetheotherinequality,letusﬁxu,v∈V(G1)andletusconsidera
geodesicγinG∗1joiningf(u)andf(v).Assumethatu,v∈V(G′1).IfL(γ)=dG1(u,v),thendG1(u,v)=dG∗1(f(u),f(v)).IfL(γ)<dG1(u,v),thenγmeetssomew∗j.Sinceγisacompactset,itintersectsjustaﬁnitenumberofw∗j’s,whichwedenotebyw∗j1,...w∗jr. Weconsiderγasanorientedcurvefromf(u)tof(v);thuswecanassumethatγmeetsw∗j1,...w∗jrinthisorder.Letusdeﬁnethefolowingverticesinγ
w1i=[f(u)w∗ji]∩Nji, w2i=[w∗jif(v)]∩Nji,
forevery1≤i≤r. Notethat[w2iw1i+1]⊂G′1forevery1≤i<r(itispossibletohavew2i=w1i+1).SincedG∗1(w1i,w2i)=2anddG1(w1i,w2i)≤2K,wehavedG∗1(w1i,w2i)≥ 1KdG1(w1i,w2i)for
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every1≤i≤r.Thus,
dG∗1(f(u),f(v))=dG∗1(f(u),w11)+
r∑
i=1
dG∗1(w1i,w2i)+
r−1∑
i=1
dG∗1(w2i,w1i+1)+dG∗1(w2r,f(v))
≥dG1(u,w11)+1K
r∑
i=1
dG1(w1i,w2i)+
r−1∑
i=1
dG1(w2i,w1i+1)+dG1(w2r,v)
≥ 1K
(
dG1(u,w11)+
r∑
i=1
dG1(w1i,w2i)+
r−1∑
i=1
dG1(w2i,w1i+1)+dG1(w2r,v)
)
≥ 1KdG1(u,v).
Assumethatf(u)=f(v).Therefore,thereexistsjwithu,v∈Bjand
dG∗1(f(u),f(v))=0>dG1(u,v)−2K.
Assumenowthatuand/orvdoesnotbelongtoV(G′1)andf(u)̸=f(v).Letu0,v0betheclosestverticesinV(G′1)∩γtof(u),f(v),respectively(itispossibletohaveu0=f(u)orv0=f(v)).Sinceu0,v0∈V(G′1),u0=f(u0),v0=f(v0),wehavedG1(u,u0)<2KanddG1(v,v0)<2K.Hence,
dG∗1(f(u),f(v))=dG∗1(f(u),u0)+dG∗1(u0,v0)+dG∗1(v0,f(v))
≥dG∗1(f(u0),f(v0))
≥ 1KdG1(u0,v0)
≥ 1K
(
dG1(u,v)−dG1(u,u0)−dG1(v,v0)
)
> 1KdG1(u,v)−4.
IfK ≥ 2,thendG∗1(f(u),f(v))> 1KdG1(u,v)−2K.IfK = 1,thendG1(u,u0)≤1,dG1(v,v0)≤1,anddG∗1(f(u),f(v))≥dG1(u,v)−2.Finaly,weconcludethatf:V(G1)→ V(G∗1)isa(K,2K)-quasi-isometricembedding.Thus,Lemma5.1.8providesaquasi-isometryg:G1→G∗1withtherequiredproperty.
Deﬁnition5.1.24.GivenagraphG1andsomeindexsetJletBJ={Bj}j∈Jbeafamilyof
balswhereBj:=BG1(wj,Kj)withwj∈V(G1),Kj∈Z+foranyj∈J,supjKj=K<∞
andBj1∩Bj2=∅ifj1≠j2.SupposethateveryoddcycleCinG1satisﬁesthatC∩Bj≠∅forsomej∈J.IfthereissomeconstantM>0suchthatforeveryj∈J,thereisanodd
cycleCjsuchthatCj∩Bj≠∅withL(Cj)<M,thenwesaythatBJisM-regular.
Remark5.1.25.IfJisﬁnite,thenthereexistsM>0suchthat{Bj}j∈JisM-regular.
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DenotebyG∗thegraphwithV(G∗)=V(G′1×P2)∪(∪j{w∗j}),whereG′1isagraphasaboveandw∗jareadditionalvertices,andE(G∗)=E(G′1×P2)∪(∪j{[w,w∗j]:π1(w)∈Nj}).
Lemma5.1.26.LetG1beagraphasaboveandP2withV(P2)={v1,v2}.IfG1ishyperbolic
andBJasaboveisM-regular,thenthereexistsaquasi-isometryf:G1×P2→ G∗with
f(wj,vi)=w∗jforeveryj∈Jandi∈{1,2}.
Proof.LetF:V(G1×P2)→ V(G∗)deﬁnedasF(v,vi)=(v,vi)foreveryv∈V(G′1),andF(v,vi)=w∗jforeveryv∈V(Bj).ItisclearthatF:V(G1×P2)→V(G∗)is0-ful.Recalthatwedenotebyπ1:G1×P2→G1theprojectionmap.Deﬁneπ∗:G∗→G1asπ∗=π1
onG′1×P2andπ∗(x)=wjforeveryxwithdG∗(x,w∗j)<1forsomej∈J.Now,wefocusonprovingthatF:V(G1×P2)→V(G∗)isaquasi-isometricembedding.
Forevery(w,vi),(w′,vi′)∈V(G1×P2),onecancheck
dG∗(F(w,vi),F(w′,vi′))≤dG1×P2((w,vi),(w′,vi′)).
Inordertoprovetheotherinequality,letusﬁx(w,vi),(w′,vi′)∈V(G′1×P2)(theinequalitiesinothercasescanbeobtainedfromtheoneinthiscase,asintheproofofLemma5.1.23).
Considerageodesicγ:=[F(w,vi)F(w′,vi′)]inG∗.IfL(γ)=dG1×P2((w,vi),(w′,vi′)),then
dG∗(F(w,vi),F(w′,vi′))=dG1×P2((w,vi),(w′,vi′)).
IfL(γ)<dG1×P2((w,vi),(w′,vi′)),thenπ∗(γ)meetssomeBj.Sinceγisacompactset,π∗(γ)intersectsjustaﬁnitenumberofBj’s,whichwedenotebyBj1,...Bjr. WeconsiderγasanorientedcurvefromF(w,vi)toF(w′,vi′);thuswecanassumethatπ∗(γ)meetsBj1,...Bjrinthisorder.
Letusdeﬁnethefolowingsetofverticesinγ
{w1i,w2i}:=γ∩(Nji×P2),
forevery1≤i≤r,suchthatdG1×P2((w,vi),w1i)<dG1×P2((w,vi),w2i).Notethat[w2iw1i+1]⊂G′1×P2forevery1≤i<randdG1×P2(w2i,w1i+1)≥1sinceBji∩Bji+1 =∅.IfdG1(π(w1i),π(w2i))=dG1×P2(w1i,w2i)forsome1≤i≤r,thendG1×P2(w1i,w2i)≤2K.Since
dG1×P2(w2i,w1i+1)≥1for1≤i<r,wehavethatdG1×P2(w1i,w2i)≤2KdG1×P2(w2i,w1i+1)inthiscase.
IfdG1(π1(w1i),π1(w2i))<dG1×P2(w1i,w2i)forsome1≤i≤r,thendG1(π1(w1i),π1(w2i))+dG1×P2(w1i,w2i)isodd.SinceBJisM-regular,consideranoddcycleCwithC∩Bji≠∅andL(C)<M,andletbi∈C∩Bjiand[π1(w1i)bi],[biπ1(w2i)]geodesicsinG1. Thus,[π1(w1i)bi]∪[biπ1(w2i)]and[π1(w1i)bi]∪C∪[biπ1(w2i)]havediﬀerentparitywhichmeansthatoneofthemhasdiﬀerentparityfrom[π1(w1i)π1(w2i)].Then,dG1×P2(w1i,w2i)≤L([π1(w1i)bi]∪C∪[biπ1(w2i)])≤
CHAPTER5. HYPERBOLICITYOFDIRECTPRODUCTSOFGRAPHS 81
4K+M.SincedG1×P2(w2i,w1i+1)≥1for1≤i<r,wehavethatdG1×P2(w1i,w2i)≤
(
4K+
M
)
dG1×P2(w2i,w1i+1)inthiscase.
Thus,wehavethatdG1×P2(w1i,w2i)≤4K+M forevery1≤i≤randdG1×P2(w1i,w2i)≤(
4K+M
)
dG1×P2(w2i,w1i+1)forevery1≤i<r.Therefore,
dG1×P2((w,vi),(w′,vi′))≤dG1×P2((w,vi),w11)+
r∑
i=1
dG1×P2(w1i,w2i)+
r−1∑
i=1
dG1×P2(w2i,w1i+1)
+dG1×P2(w2r,(w′,vi′))
≤dG1×P2((w,vi),w11)+dG1×P2(w2r,(w′,vi′))+
(
4K+M+1
)r−1∑
i=1
dG1×P2(w2i,w1i+1)
+dG1×P2(w1r,w2r)
=dG∗(F(w,vi),F(w11))+dG∗(F(w2r),F(w′,vi′))+
(
4K+M+1
)r−1∑
i=1
dG∗(F(w2i),F(w1i+1))
+dG1×P2(w1r,w2r)
≤
(
4K+M+1
)(
dG∗(F(w,vi),F(w11))+dG∗(F(w2r),F(w′,vi′))+
r−1∑
i=1
dG∗(F(w2i),F(w1i+1))
)
+4K+M
≤
(
4K+M+1
)
dG∗(F(w,vi),F(w′,vi′))+4K+M.
Weconcludethat F:V(G1×P2)→ V(G∗)isaquasi-isometricembedding.Thus,Lemma
5.1.8providesaquasi-isometryf:G1×P2→G∗withtherequiredproperty.
Deﬁnition5.1.27.GivenageodesicmetricspaceXandclosedconnectedpairwisedisjoint
subsets{ηj}j∈JofX,weconsideranothercopyX′ofX.ThedoubleDXofXistheunion
ofXandX′obtainedbyidentifyingthecorrespondingpointsineachηjandη′j.
Deﬁnition5.1.28.LetusconsiderH>0,ametricspaceX,andsubsetsY,Z⊆X.Theset
VH(Y):={x∈X:d(x,Y)≤H}iscaledtheH-neighborhoodofYinX.TheHausdorﬀ
distanceofYtoZisdeﬁnedbyH(Y,Z):=inf{H>0:Y⊆VH(Z),Z⊆VH(Y)}.
Thefolowingresultsin[5]and[51]wilbeuseful.
Theorem5.1.29.[5,Theorem3.2]LetusconsiderageodesicmetricspaceXandclosed
connectedpairwisedisjointsubsets{ηj}j∈JofX,suchthatthedoubleDX isageodesic
metricspace.Thenthefolowingconditionsareequivalent:
(1)DXishyperbolic.
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(2)X ishyperbolicandthereexistsaconstantc1suchthatforeveryk,l∈Janda∈
ηk,b∈ηlwehavedX(x,∪j∈Jηj)≤c1foreveryx∈[ab]⊂X.
(3)X ishyperbolicandthereexistconstantsc2,α,βsuchthatforeveryk,l∈Jand
a∈ηk,b∈ηlwehavedX(x,∪j∈Jηj)≤c2foreveryxinsome(α,β)-quasi-geodesic
joiningawithbinX.
Theorem5.1.30.[51,p.87]Foreachδ≥0,a≥1andb≥0,thereexistsaconstant
H=H(δ,a,b)withthefolowingproperty:
Letusconsideraδ-hyperbolicgeodesicmetricspaceX andan(a,b)-quasigeodesicg
startinginxandﬁnishinginy.Ifγisageodesicjoiningxandy,thenH(g,γ)≤H.
Thispropertyisknownasgeodesicstability. MarioBonkprovedin1996thatgeodesic
stabilitywas,infact,equivalenttoGromovhyperbolicity(see[15]).
Theorem5.1.31.LetG1beagraphandBj:=BG1(wj,Kj)withwj∈V(G1)andKj∈Z+,foranyj∈J,suchthatsupjKj=K<∞,Bj1∩Bj2=∅ifj1≠j2,andeveryoddcycleCinG1satisﬁesC∩Bj≠∅forsomej∈J.Suppose{Bj}j∈JisM-regularforsomeM>0.
LetG2beanon-trivialboundedgraphwithoutoddcycles. Then,thefolowingstatements
areequivalent:
(1)G1×G2ishyperbolic.
(2)G1ishyperbolicandthereexistsaconstantc1,suchthatforeveryk,l∈Jandwk∈
Bk,wl∈Blthereexistsageodesic[wkwl]inG1withdG1(x,∪j∈Jwj)≤c1foreveryx∈[wkwl].
(3)G1ishyperbolicandthereexistconstantsc2,α,β,suchthatforeveryk,l∈Jwehave
dG1(x,∪j∈Jwj)≤c2foreveryxinsome(α,β)-quasi-geodesicjoiningwkwithwlinG1.
Proof.Items(2)and(3)areequivalentbygeodesicstabilityinG1(seeTheorem5.1.30).
Assumethat(2)holds.ByLemma5.1.23,thereexistsan(α,β)-quasi-isometryf:G1→
G∗1withf(wj)=w∗jforeveryj∈J. Givenk,l∈J,f([wkwl])isan(α,β)-quasi-geodesicwithendpointsw∗kandw∗linG∗1.Givenx∈f([wkwl]),wehavex=f(x0)withx0∈[wkwl]anddG∗1(x,∪j∈Jw∗j)≤αdG1(x0,∪j∈Jwj)+β≤αc1+β. TakingX =G∗1,DX=G∗andηj=w∗jforeveryj∈J,Theorem5.1.29givesthatG∗ishyperbolic.Now,Lemma5.1.26givesthatG1×P2ishyperbolicandweconcludethatG1×G2ishyperbolicbyLemma
5.1.11.
Nowsuppose(1)holds.ByLemma5.1.11,G1×P2ishyperbolicand,byTheorem5.1.17,
G1ishyperbolic.Then,Lemma5.1.26givesthatG∗ishyperbolicandtakingX=G∗1,DX=G∗andηj=w∗jforeveryj∈J,byTheorem5.1.29,(2)holds.
Theorem5.1.31andRemark5.1.25havethefolowingconsequence.
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Corolary5.1.32.LetG1beagraphandsupposethatthereareapositiveintegerKanda
vertexw∈G1,suchthateveryoddcycleinG1intersectstheopenbalB:=BG1(w,K).LetG2beanon-trivialboundedgraphwithoutoddcycles. Then,G1×G2ishyperbolicifand
onlyifG1ishyperbolic.
5.2 Boundsforthehyperbolicityconstantofsomedi-
rectproducts
Remark5.2.1. NotethatifG1isabipartitegraph,thendiamG1=diamV(G1). Fur-
thermore,ifG2isabipartitegraph,thentheproductG1×G2hasexactlytwoconnected
components,whichwilbedenotedby(G1×G2)1and(G1×G2)2,whereeachoneisa
bipartitegraphand,consequently,diam(G1×G2)i=diamV((G1×G2)i)fori∈{1,2}.
Remark5.2.2.LetPm,Pnbetwopathgraphswithm≥n≥2.TheproductPm×Pnhasex-
actlytwoconnectedcomponents,whichwilbedenotedby(Pm×Pn)1and(Pm×Pn)2.Ifu,v∈
V((Pm×Pn)i)fori∈{1,2},thend(Pm×Pn)i(u,v)=max
{dPm(π1(u),π1(v)),dPn(π2(u),π2(v))
}
anddiam(Pm×Pn)i=diamV((Pm×Pn)i)=m−1.
Furthermore,ifm1≤mandn1≤nthenδ(Pm×Pn)≥δ(Pm1×Pn1).
Lemma5.2.3.LetPm,Pnbetwopathgraphswithm≥n≥3,andletγbeageodesic
inPm×Pnsuchthattherearetwodiﬀerentverticesu,vinγ,withπ1(u)=π1(v).Then,
L(γ)≤n−1.
Proof.Letγ:=[xy],andletV(Pm)={v1,...,vm},V(Pn)={w1,...,wn}bethesetsof
verticesinPm,Pn,respectively,suchthat[vj,vj+1]∈E(Pm)and[wi,wi+1]∈E(Pn)for
1≤j<m,1≤i<n.Seekingforacontradiction,assumethatL(γ)>n−1. Notice
thatif[uv]denotesthegeodesiccontainedinγjoininguandv,thenπ2restrictedto[uv]
isinjective. Considertwoverticesu′,v′∈γsuchthat[uv]⊆[u′v′]⊆γ,π2isinjective
in[u′v′]andπ2(u′)=wi1,π2(v′)=wi2withi2−i1maximalundertheseconditions.SinceL(γ)>n−1≥i2−i1,eitherthereisanedge[v′,w]inG1×G2suchthat[v′,w]∩(γ\[u′v′])̸=∅
orthereisanedge[u′,w′]inG1×G2suchthat[u′,w′]∩(γ\[u′v′])̸=∅.Also,sinceL(γ)>n−1,
noticethatπ2isnotinjectiveinγ. Moreover,sincei2−i1ismaximal,ifπ2(w)=wi2+1,thenw/∈γ,andsinceL(γ)>n−1,u′/∈{x,y}andπ2(w′)=wi1+1.Thus,eitherπ2(w)=wi2−1orπ2(w′)=wi1+1.Hence,letusassumethatthereisanedge[v′,w]inG1×G2suchthat[v′,w]∩(γ\
[u′v′])̸=∅withπ2(w)=wi2−1(otherwise,ifthereisanedge[u′,w′]inG1×G2suchthat[u′,w′]∩(γ\[u′v′])̸=∅withπ2(w′)=wi1+1,theproofissimilar).Supposeπ1(v′)=vj. Letv′bethevertexin[u′v′]suchthatπ2(v′)=wi2−1. Then,byconstructionofG1×G2,sincev′ ≠w,itfolowsthat{π1(v′),π1(w)}={vj−1,vj+1}.
Therefore,inparticular,1<j<m.
Assumethatv′=(vj−1,wi2−1)(ifv′=(vj+1,wi2−1),thentheargumentissimilar).Therefore,w=(vj+1,wi2−1).
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Considerthegeodesic
σ=[(vj+1,wi2−1),(vj,wi2−2)]∪[(vj,wi2−2),(vj−1,wi2−3)]∪[(vj−1,wi2−3),(vj−2,wi2−4)]∪...
Sinceπ1(u)=π1(v),thereisavertexξofV(Pm×Pn)in[u′v′]∩σ.Lets∈[v′,w]∩γ
withs̸=v′.Letσ0bethegeodesiccontainedinσjoiningξandw.Letγ0bethegeodesic
containedinγjoiningξands. Hence,L(σ0∪[ws])<L(σ0)+1<L(γ0)leadingto
contradiction.
Theorem5.2.4.LetPm,Pnbetwopathgraphswithm≥n≥2.Ifn=2,thenδ(Pm×P2)=
0.Ifn≥3,then
min
{m
2,n−1
}
−1≤δ(Pm×Pn)≤min
{m
2,n
}
−12.
Furthermore,ifm≤2n−3andmisodd,thenδ(Pm×Pn)=(m−1)/2.
Proof.Ifm ≥ 2,thenPm ×P2hastwoconnectedcomponentsisomorphictoPm,and
δ(Pm×P2)=0.
Assumethatn≥3.Bysymmetry,itsuﬃcestoprovetheinequalitiesforδ((Pm×Pn)1).
Hence,Lemma1.3.7andRemark5.2.2giveδ((Pm ×Pn)1)≤ m−12 . ByTheorem1.3.13,thereexistsageodesictriangleT={x,y,z}∈T1(Pm×Pn)withp∈γ1:=[xy],γ2:=
[xz],γ3:=[yz],andδ((Pm×Pn)1)=δ(T)=d(Pm×Pn)1(p,γ2∪γ3).Letu∈V(γ1)suchthatd(Pm×Pn)1(p,u)≤1/2.Inordertoproveδ((Pm×Pn)1)≤n−1/2,weconsidertwocases.
Assumeﬁrstthatthereisatleastavertexv∈V((Pm ×Pn)1)∩T\{u}suchthat
π1(u)=π1(v).Ifv/∈γ1,thenv∈γ2∪γ3and
δ(T)=d(Pm×Pn)1(p,γ2∪γ3)≤1/2+d(Pm×Pn)1(u,v)≤n−1/2.
Ifv∈γ1,thenL(γ1)≤n−1byLemma5.2.3,and
δ(T)=d(Pm×Pn)1(p,γ2∪γ3)≤d(Pm×Pn)1(p,{x,y})≤(n−1)/2<n−1/2.
Assumenowthatthereisnotavertexv∈V((Pm×Pn)1)∩T\{u}suchthatπ1(u)=
π1(v).Then,thereexisttwodiﬀerentverticesv1,v2inT\{u}suchthatd(Pm×Pn)1(u,v1)=d(Pm×Pn)1(u,v2)=1,andπ1(v1)=π1(v2).Ifv1orv2belongstoγ2∪γ3,thenδ(T)=d(Pm×Pn)1(p,γ2∪γ3)≤3/2≤n−1/2. Otherwise,v1,v2∈γ1\{u}. Lemma5.2.3givesL(γ1)≤n−1,andwehavethat
δ(T)=d(Pm×Pn)1(p,γ2∪γ3)≤d(Pm×Pn)1(p,{x,y})≤(n−1)/2<n−1/2.
Inordertoprovethelowerbound,denotetheverticesofPm andPnbyV(Pm) =
{w1,w2,w3,...,wm}andV(Pn)={v1,v2,v3,...,vn},with[wi,wi+1]∈E(Pm)for1≤i<m
and[vi,vi+1]∈E(Pn)for1≤i<n.
CHAPTER5. HYPERBOLICITYOFDIRECTPRODUCTSOFGRAPHS 85
Let(Pm×Pn)1betheconnectedcomponentofPm×Pncontaining(w1,vn−1).
Assumeﬁrstthatm≥2n−3.Considerthefolowingcurvesin(Pm×Pn)1:
γ1:=[(w1,vn−1),(w2,vn)]∪[(w2,vn),(w3,vn−1)]∪[(w3,vn−1),(w4,vn)]∪···
···∪[(w2n−4,vn),(w2n−3,vn−1)],
γ2:=[(w1,vn−1),(w2,vn−2)]∪[(w2,vn−2),(w3,vn−3)]∪···∪[(wn−2,v2),(wn−1,v1)]
∪[(wn−1,v1),(wn,v2)]∪···∪[(w2n−4,vn−2),(w2n−3,vn−1)].
Corolary5.1.4givesthatγ1,γ2aregeodesics.IfBisthegeodesicbigonB={γ1,γ2},then
Remark5.2.2givesthat
δ(Pm×Pn)≥δ(B)≥d(Pm×Pn)1((wn−1,v1),γ1)=n−2.
Ifmisoddwithm≤2n−3,thenn−(m+1)/2≥1andwecanconsiderthecurvesin
(Pm×Pn)1:
γ1:=[(w1,vn−1),(w2,vn)]∪[(w2,vn),(w3,vn−1)]∪[(w3,vn−1),(w4,vn)]∪···
···∪[(wm−1,vn),(wm,vn−1)],
γ2:=[(w1,vn−1),(w2,vn−2)]∪[(w2,vn−2),(w3,vn−3)]∪···∪[(w(m+1)/2−1,vn−(m+1)/2+1),
(w(m+1)/2,vn−(m+1)/2)]∪[(w(m+1)/2,vn−(m+1)/2),(w(m+1)/2+1,vn−(m+1)/2+1)]∪···
···∪[(wm−1,vn−2),(wm,vn−1)].
Corolary5.1.4givesthatγ1,γ2aregeodesics.IfB={γ1,γ2},thenRemark5.2.2givesthat
δ(Pm×Pn)≥δ(B)≥d(Pm×Pn)1((w(m+1)/2,vn−(m+1)/2),γ1)=(m−1)/2.
ByRemark5.2.2,ifmisevenwithm−1≤2n−3,thenwehavethat
δ(Pm×Pn)≥δ(Pm−1×Pn)≥(m−2)/2.
Hence,
δ(Pm×Pn)≥
{n−2, ifm≥2n−3
(m−2)/2, ifm≤2n−2
}
=min
{
n−2,m−22
}
=min
{m
2,n−1
}
−1.
Furthermore,ifm≤2n−3andmisodd,thenwehaveproved(m−1)/2≤δ(Pm×Pn)≤
(m−1)/2.
Theorem5.2.5.IfG1andG2arebipartitegraphswithk1:=diamV(G1)andk2:=
diamV(G2)suchthatk1≥k2≥1,then
max
{
min
{k1−1
2 ,k2−1
}
,δ(G1),δ(G2)
}
≤δ(G1×G2)≤k12.
Furthermore,ifk1≤2k2−2andk1iseven,thenδ(G1×G2)=k1/2.
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Proof.Corolary5.1.4,Lemma1.3.7andRemark5.2.1giveustheupperbound.
Inordertoprovethelowerbound,wecanseethatthereexisttwopathgraphsPk1+1,Pk2+1whichareisometricsubgraphsofG1andG2,respectively.ItiseasytocheckthatPk1+1×Pk2+1isanisometricsubgraphofG1×G2.ByLemma1.3.3andTheorem5.2.4,wehave
min
{k1−1
2 ,k2−1
}
≤δ(Pk1+1×Pk2+1)≤δ(G1×G2).
Usingasimilarargumentasabove,wehaveδ(P2×G2)≤δ(G1×G2)andδ(G1×P2)≤
δ(G1×G2).Thus,since(G1×P2)i≃G1and(P2×G2)i≃G2fori∈{1,2},weobtainthe
ﬁrststatement.
Furthermore,ifk1+1≤2(k2+1)−3andk1+1isodd,thenTheorem5.2.4gives
δ(Pk1+1×Pk2+1)=k1/2,andweconcludeδ(G1×G2)=k1/2.
ConclusionsandOpenProblems
Conclusions
Wecharacterizethestrongproductoftwographs G1⊠G2whicharehyperbolic,intermsof
G1andG2:thestrongproductgraphG1⊠G2ishyperbolicifandonlyifoneofthefactors
ishyperbolicandtheotheroneisbounded. Wealsoprovesomesharprelationsbetween
δ(G1⊠G2),δ(G1),δ(G2)andthediametersofG1andG2(andweﬁndfamiliesofgraphs
forwhichtheinequalitiesareattained). Furthermore,weobtaintheexactvaluesofthe
hyperbolicityconstantformanystrongproductgraphs.
Furthermore,wecharacterizethelexicographicproductoftwographsG1◦G2whichare
hyperbolic,intermsofG1andG2:thelexicographicproductgraphG1◦G2ishyperbolic
ifandonlyifG1ishyperbolic,unlessifG1isatrivialgraph;ifG1istrivial,thenG1◦G2
ishyperbolicifandonlyifG2ishyperbolic. Also,weobtainthatδ(G1)≤δ(G1◦G2)≤
δ(G1)+3/2ifG1isnotatrivialgraph,andweﬁndfamiliesofgraphsforwhichtheinequalities
areattained.
Besides,wecharacterizethehyperbolicproductgraphsfortheCartesiansumG1⊕G2:
G1⊕G2isalwayshyperbolic,unlesseitherG1orG2isthetrivialgraph;ifG1orG2isthe
trivialgraph,thenG1⊕G2ishyperbolicifandonlyifG2orG1ishyperbolic,respectively. We
alsoobtainthesharpinequalities1≤δ(G1⊕G2)≤3/2foreverynon-trivialgraphsG1,G2.
Besides,wecharacterizetheCartesiansumswithδ(G1⊕G2)=1,withδ(G1⊕G2)=5/4
andwithδ(G1⊕G2)=3/2.Furthermore,weobtaintheprecisevalueofthehyperbolicity
constantoftheCartesiansumofmanygraphs.
Finaly,weprovethatifthedirectproductG1×G2ishyperbolic,thenonefactoris
hyperbolicandtheotheroneisbounded.Also,weprovethatthisnecessaryconditionis,in
fact,acharacterizationinmanycases.Inothercases,weﬁndcharacterizationswhichare
notsosimple.Furthermore,weobtaingoodboundsforthehyperbolicityconstantofthe
directproductofsomeimportantgraphs.
87
OpenProblems
•Wehavecharacterizedthehyperbolicdirectproductgraphsinseveralcases,butwe
wouldliketoobtainacompletecharacterization.
•Wehaveobtainedgoodboundsofδ(G1×G2)forseveralkindsofgraphs,butwewould
liketocomputetheprecisevalueofδ(G1×G2)forsomefamiliesofgraphs.
•Wewouldliketorelatethehyperbolicitywithotherpropertiesofgraphs.Inpar-
ticular,weareinterestedintherelationbetweenthehyperbolicityandtheCheeger
isoperimetricinequality.
88
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